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I} There is no such thing as an unsolvable problem.
Sergei Pavlovich Korolev (1907-1966) ~
Abstract
An investigation of operative instabilities affecting the SX3 thruster has been
performed by mean of two different criteria suitable for Applied-Field Magneto
Plasmadynamic Thrusters (AF-MPDTs). The analysis has been related to exper-
imental campaigns in 2012 and 2013 and has been extended to planned future
configurations of the SX3. The outcome has been summarized in a graphic rep-
resentation of admissible operative regions in which the thruster can be operated
with no occurrence of instabilities. Experimental data related to the SX3 have
been analyzed in order the verify the presence of instabilities in early phases of
the thruster operation. It was found that, within the available frequency range
considered, peaks in the frequency power spectrum estimate are related to the
frequency of the plume oscillations spotted during the thruster operation. The
analysis of operated conditions of the SX3 also suggested that different applied
magnetic field topologies can strongly affect the thruster behavior at subcritical
and onset related regimes. Therefore, a detailed characterization of the applied
magnetic field configuration for the present configuration has been performed, de-
termining a number of parameters able to describe the applied magnetic field for
the given coil arrangement.
In order to relate the behaviors of the thruster at the onset with operational
parameters a simplified voltage model has been used to reproduce the voltage
trend of experimental results. A simplified model useful to compute the ionization
current as lower limit of operation for the SX3 has been also considered.
The analysis with instability criteria suggest the use of larger cathode config-
urations in order to prevent the onset occurrence. The characterization of the
applied magnetic field highlighted the advantage to operate with smaller anode
configurations rather than with larger cathodes in reducing the magnetic flux lines
divergence.
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Structure of the Thesis
The structure of the Thesis has been thought to resemble the order of activities
performed within this work. In Chapter 1 a brief introduction related to electric
propulsion and motivations for the use of AF-MPDTs are provided. Within the
Chapter 2 a description of acceleration processes taking place in MPDTs and AF-
MPDTs is given with the aim to briefly highlight trends of operative parameters
and main issues related to the operation above the onset.
Chapter 3 describes the nature of the onset and critical regimes in more detail
and analyzes several theories proposed to explain the onset occurrence. Since the
investigation of critical regimes in the SX3 have been performed by mean of the
Tikhonov criterion and the Kruskal-Shafranov limit Chapter 4 is devoted to the
description of these models.
The review of previous experimental campaigns in Chapter 5 has been consid-
ered by the author a mandatory step in order to provide a validation for assumptions
made within the analysis and to highlight trends and issues which could be encoun-
tered during further investigations with the SX3. Within this Chapter the analysis
of experimental data related to the 2012 and 2013 experimental campaigns has
been also performed.
In Chapters 6 and 7 results of the analysis with the Tikhonov criterion and
the Kruskal-Shafranov limit, as well as parameters related to the description of the
applied magnetic field are provided.
Conclusions and further activities that the author finds to be relevant to clarify
the nature of onset phenomena in the SX3 are summarized in Chapter 8
Finally, appendices A and B are related respectively to the computation of the
ionization current and the voltage model for the SX3.
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CHAPTER 1
Introduction
1.1 Overview
During latest years Electric Propulsion (EP) has gained a renewed attention by the
audience, mainly due to its application to recent missions related to the deep space
exploration and to future plans for a manned exploration of Mars. Both NASA and
ESA space agencies have, currently as 2014, ongoing mid/long term plans for
deep-space exploration, Mars cargo and rover missions respectively in the frame
of explorations programs Mars Next Generation and ExoMars. Moreover, private
companies have recently entered the sector of launch services, a field previously
merely prerogative of national or sovranational entities, with the ultimate aim to
achieve the capability to independently deliver a cargo or manned payload to Mars.
This is the case of Space X and Mars One foundation. NASA’s Dawn mission has
been the first one conceived with the aim to visit dwarf planets Cereres and Vesta
in the asteroid belt. To achieve this multi-target goal the EP has played a vital role:
Dawn spacecraft incorporates an ion thruster intended to provide an overall ∆v
exceeding 10 km/s. GOCE mission, developed by ESA with the intent to perform
a detailed mapping of Earth’s gravitational field, used an ion thruster to constantly
compensate for the atmospheric drag due to its exceptional low orbit required for
measurements. EP clearly represents the only flexible solution to both deep space
missions requirements and more conventional duties such as orbital raising and
North-South station keeping7,8, providing higher values of specific impulse Isp than
conventional chemical propulsion. With the term EP is intended to define a wide
range of thrusters in which the propellant acceleration process takes place due to
the electrical heating and/or by electric and magnetic body forces1. According to a
canonical classification, electric thrusters can be defined by mean of the underlying
acceleration process involved. EP devices are consequently subdivided in three
categories: Electrothermal, Electrostatic and Electromagnetic thrusters. The first
definition is used to describe thrusters in which the propellant is heated by electrical
processes and expanded through a physical nozzle. Electrostatic denomination
is used when the propellant is accelerated by direct application of electrostatic
10
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Definition Acceleration process Isp/s T/N η
Resistojets gasdynamic 350 0.3 0.8
Arcjets gasdynamic up to 2000 0.2 0.4
Ion thrusters electrostatic 2500-8500 0.1-1 0.7
Hall thrusters electromagnetic 1500-2500 40-80 10−3 0.5
MPD thrusters electromagnetic 2000-5000 10-100 0.5
AF-MPD thrusters electromagnetic 2000-5000 1-10 0.2-0.5
Table 1.1: Characteristics and acceleration processes of typical Electric Thrusters
forces to ionized particles while Electromagnetic thrusters are those one in which
the acceleration process takes places trough the effect of combined electric and
magnetic fields. Typical characteristics of electric thrusters are present in Table
1.1
The advantage of EP systems over conventional propulsion results immediately
clear taking into account the rocket or Tsiolkovsky equation:
mp
mi
= 1− e∆vue (1.1)
where mp is the propellant mass, mi the initial mass, ∆v the delta-v budget
required for a given mission, ue the exhaust velocity of the propellant.
Assuming for a manned mission to Mars a ∆v in the order of 10 km/s6 Fig.
1.1 represents the trend of accelerated propellant to initial mass ratio with respect
the exhaust velocity ue. It is clear that higher value of exhaust velocity allows
to achieve better values of the ratio and as a consequence to increase the mass
fraction of the payload, leading to a considerable reduction of launching related
costs.
The specific impulse Isp is proportional to the exhaust velocity ue according
to the relation ue = goIsp where go is the gravity acceleration at Earth surface.
Considering this parameter, Table 1.2 compares conventional chemical powered
and electric thrusters: the latter ones allow to achieve values of Isp roughly one
order of magnitude higher than best conventional thrusters. Obviously the value
of the exhaust velocity can not be increased indefinitely: in the case of EP ue (and
therefore Isp) is related to the available electric power Pe on the spacecraft trough
the Eq. 1.2
Pe =
TIsp
2η
(1.2)
where T is the thrust, and η the efficiency of the energy conversion process.
Increasing in the achievable Isp implies therefore an increase of the required power
and consequently the rise of the mass budget devoted to the power generation
subsystem. For a given mission therefore, values of the Isp above a certain threshold
does not produce any beneficial effect6. This trend can be verified considering the
propellant mass fraction mp proportional to the required power Pe as highlighted
in Eq. 1.3
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Figure 1.1: Propellant to initial mass ratio as function of the exhaust velocity
mp = αPe
αTue
2η
=
αm˙u2e
2η
(1.3)
where T is the thrust provided, α a constant coefficient, and m˙ the propellant
mass flow rate, in an early simplified case correspondent to the overall mass vari-
ation. Therefore, while the propellant mass fraction mp decreases for increasing
values of exhaust velocity ue according to the equation 1.1 , the mass fraction de-
voted to the power generation increases with the term ue, following a quadratic law
dependency. An optimal Isp can be computed for any ∆v required as showed qual-
itatively in Fig. 1.2. Here two different families of curves are showed, respectively
for efficiencies of η1 = 0.2 in gray and η2 = 0.5 in black. Function f1 represents
the Tsiolkovsky Eq. 1.1 while f2 the relation in Eq. 1.3. Upper curves represent
Type Isp/s T/N
Cold gases (N2 H2) 60-250 0.1-50
Liquid Monopropellant 140-235 0.1-107
Liquid Bipropellant 320-460 "
Solid 260-300 "
Hybrid 290-350 "
Electrothermal 500-1000 10−1
Electromagnetic 1000-5000 1-100
Electrostatic 2000-10000 10−1-1
Table 1.2: Isp values for conventional and Electric propulsion systems
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Figure 1.2: Qualitative determination of minimum propellant to initial mass ratio
mp
mi
for parametric values of power conversion efficiency η
the sum of the functions f1 and f2. Points of minimum are highlighted on both
curves: as can be seen at higher power conversion efficiency η, correspond lower
values of the ratio mpmi and consequently higher values of payload mass. Moreover,
the optimal point of the propellant to mass ratio shift to higher values of exhaust
velocities as the efficiency η increase. Finally, for pretty high values of efficiency
(f1+f2 black curve) the variation of the propellant to mass ratio with the exhaust
velocity is less pronounced than for lower efficiencies: at least theoretically speaking
therefore, seems to be advisable to pursue an operation regime with ue ≈ 25÷ 50
km/s, high conversion efficiencies, while increasing exhaust velocity over 50 km/s
seems to provide no further benefits from this point of view.
Modern studies devoted to asses possible advantages of EP concepts over
conventional propulsion for a manned or heavy cargo mission to Mars began in
the 60s9. More recently, several analysis, considering continuous EP, has been
performed,5,6,24 with the aim of identify the best option among different EP
concepts currently available. Among other EP alternatives, the Applied-Field
MagnetoPlasmadynamic Thruster (AF-MPDT) appears as one of the best candi-
dates for a heavy cargo or manned mission to Mars with an overall mass in the
range of 100-200 mT, providing optimal values of Isp in the range of 2000÷4000s
and reducing the duration of the flight transfer time, a crucial parameter for pi-
loted missions6. To date the AF-MPDT represents the only compact device, able
to process high powers (up to MWs) and provide values of thrust densities up to
105 N
m2
10.
CHAPTER 2
Magnetoplasmadynamic Thrusters
2.1 Acceleration processes in MPDTs
MPDTs are considered as electromagnetic thrusters since the acceleration process
is driven by the interaction of an electric current pattern, by mean of a conducting
propellant (usually an ionized gas), and a magnetic field (externally applied or
simply self-induced by the current pattern itself). This kind of thruster can produce
exhaust velocities much higher than electrothermal devices, and usually provide
thrust density larger than electrostatic devices. On the other hand the physic
underlying the ionization and acceleration processes is, in this case, more complex,
preventing to date a comprehensive analytical approach to the design and related
research activities. The nature of the conducting propellant medium in the case
of MDTs is a plasma, described by the quasi-neutrality condition for all length
scales comparable with thruster dimensions. Recalling the formulation presented
for instance in Ref.2,3,10, this condition can be expressed as in Eq. 2.1
‖ne − ni‖ = ne ≈ ni = n (2.1)
where ni and ne are respectively the ion and electron particle number densities,
and n the equivalent particle number density considered under such hypothesis.
Within the assumption of quasi-neutrality positive and negative charged parti-
cles, constituting the ionized propellant, are involved in the acceleration process,
globally, without separation. This hypothesis strongly differs from others electric
thrusters such electrostatic devices in which there is a clear separation of positive
and negative charges. The kinetic theory, used to describe properties of charged
particles, and specifically the Boltzmann equation, allows a microscopic analysis of
the process. Taking the first three velocity moments of the Boltzmann equation is
possible to obtain, respectively, conservation equation for mass, momentum, and
energy for each species. Results of the momentum equation analysis are useful to
describe general characteristics of the acceleration process. Following a standard
formulation, presented for example in10, starting hypothesis can be summarized as
follow:
14
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• the plasma is considered quasi-neutral;
• viscous effects are neglected
• the fluid is considered composed by two species electron and ions; multiple
charged species are not considered;
• electrons can not accumulate momentum, due to their negligible mass with
respect ions
Taking into account these hypothesis, momentum conservation equations for
electrons and ions may be arranged as:
min
dui
dt
= ne(E+ ui ×B)−∇pi +Pie (2.2)
0 = −ne(E+ ue ×B)−∇pe +Pei (2.3)
where e is the electron charge, mi the ion mass, n the particle number density
of electron and ions, ue and ui the ion and electron velocities respectively (in a
fixed reference system), E and B the electric and magnetic field vectors, pi and
pe the ions and electrons pressures, and Pie and Pei the momentum transferred by
the electron to ions and vice-versa. Left hand terms in Eq. 2.3 represent the time
change in momentum for the ions (being according to the assumptions related to
the electrons negligible) in a reference system in motion with the fluid or so called
material derivative.
d
dt
=
∂
∂t
+ u · ∇ (2.4)
Material derivative can be expressed as the sum of the time change in momen-
tum as seen by a fixed reference frame, the first term in Eq. 2.4, and the variation
produced by the motion of a reference frame following the fluid, namely the sec-
ond term of the aforementioned equation. Eq. 2.4 links the momentum change
with effects produced by the applied forces: Lorentz force and forces due to ions
and electrons pressure gradients and collisional processes. The term E+ ui,e ×B
with subscripts i, e relative to ions and electrons respectively, represents the Lorentz
force component: a charged particle in motion with velocity u in presence of both
electric E and magnetic B fields is affected by an overall force due to the interac-
tion with the electric and magnetic field components. The first one is proportional
to qE and the second one to ui,e×B. Terms Pie and Pei represent a momentum
transfer between electrons and ions due to collisions. In the case of charged par-
ticles collisions are modeled as glancing impacts. In a plasma the Debye shielding
limits the range of the Coulomb force acting between two charged particles and
an equivalent cross section can be defined. Only the effect of a large number of
such glancing collisions, however, results in an detectable variation of the particle
path. An equivalent cross section and consequently a collisional frequency between
ions and electrons νei can be computed considering an overall 90◦ deviation in the
particle trajectory. This collisional cross section is considered trough a statistical
analysis of many small-angle impacts. Taking into account the total displacement
of the particle after N steps, modeled as a random walk one can compute the
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time interval required to produce a deflection of 90◦ and consequently, the related
collisional frequency νei will results:
νe,i =
nZ2e4lnΛ
2pi20m
2
ev
3
(2.5)
(2.6)
where Z is the charge state (Z=1 in the case of single ionized particles), Λ the
Coulomb logarithm (for fusion plasmas, Λ ≈ 6 − 16), 0 dielectric constant, me
the electron mass, u the particle velocity. Considering the electron-ion collision
frequency the term Pei relative to the momentum exchange due to collisions will
be:
Pie =− Pei = νe,ime(ue − ui) (2.7)
(2.8)
Considering the current density defined as j = ne(ue−ui) and the conductivity
σ defined in Eq. 2.10
σ =
ne2
νi,eme
(2.9)
(2.10)
Eq. 2.3 can be formulated as:
min
dui
dt
= ne(E+ ui ×B)−∇pi − ne
σ
j (2.11)
0 = −ne(E+ ui ×B− 1
ne
j×B)−∇pe + ne
σ
j (2.12)
(2.13)
Defining an overall pressure as ∇p = ∇pe +∇pi and considering the density
ρ = min, Eq. 2.13 can be further developed as follows:
ρ
du
dt
= −∇p+ j×B (2.14)
Eq. 2.14 highlight the process underlying the acceleration: electrons are acceler-
ated by the electric field E and transfer all the momentum acquired to ions by
means of the collisional term. Ion are accelerated by the electric field and their
overall momentum increasing is due to the effect of the electric field and the com-
ponent received by electrons. The increase in the momentum of electrons can be
considered as due to two components: a first part related to electrons moving at
the same velocity than ions and a second contribute due to the differential velocity
of electrons with respect to ions. The first part of the increase in momentum of
electrons is equal in module and opposite in sign to the increase in momentum of
ions due to the electric field. Therefore, these two terms elide each other. As a
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consequence, the only contribution that have to be taken into account is the effect
of the electric field on electrons caused by the velocity difference between electrons
and ions. A choice can be to consider the electric field in a reference system in
motion with the ion velocity, denoting such electric field as E∗.
The aim of the analysis is to verify how efficiently the momentum exchange
between electrons and ions results in an increment of the flow kinetic energy.
Energy conservation equations can be derived considering the dot product of Eq.
2.3 with terms ui and ue respectively and taking into account that the work of
magnetic forces on moving particles is zero. The result is summarized in Eq. 2.16
uiρ
dui
dt
= −∇pi · ui + neE · ui − ne
σ
j · ui (2.15)
0 = −∇pe · ue − neE · ue + ne
σ
j · ue (2.16)
Recalling the definition of current density j = ne(ui − ue), the last term of
the electron equation results:
ne
σ
j · ue = ne
σ
j · ui − j
2
σ
(2.17)
and as a consequence, substituting the aforementioned term in Eq.2.16, results
in the following set:
d
dt
(ρ
u2i
2
) = −∇pi · ui + neE · ui − ne
σ
j · ui (2.18)
0 = −∇pe · ue − neE · ue + ne
σ
j · ue (2.19)
Eq. 2.19 highlights the fact that ion and electron collisional terms are equal in
value and opposite in sign. Therefore, the rate at which the energy is acquired by
electrons is equal in value and opposite in sign to the rate at which such energy
is acquired by ions. Moreover, the electron energy includes a dissipative term: j
2
2
is well known as Joule heating or ohmic term. This component represents the
conversion of the ordered motion of electrons relative to the ions into a random
motion (heat motion) trough the collisional process with ions. Being the Joule
heating always a positive quantity this means that the dissipative component is
source of an irreversible heat related loss. Adding ion and electron equations of
the set Eq. 2.19 results in a single Eq. 2.21:
d
dt
(ρ
u2i
2
) = −∇pi · ui −∇pe · ue +E · j − j
2
σ
(2.20)
(2.21)
This last formulation is useful since shows the dissipative nature of the acceler-
ation process based on the Lorentz force: collisional momentum transfer between
electrons and ions always implies a frictional dissipation. From this point of view
MPDTs are less efficient than others thruster such as electrostatic ones in which
the acceleration of ions is achieved by electrostatic force only. Eq. 2.21 represents
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a description of equilibrium condition at a given position of the acceleration chan-
nel of the thruster. Macroscopic quantities of interest, as the thrust T , can be
derived therefore, integrating fluid equations with determined boundary conditions
over the acceleration channel volume.
2.2 Magnetogasdynamic description
2.2.1 Self-field MPDT
In the canonical description of the MPDT’s by mean of a continuum representa-
tion1, different components of electromagnetic interaction are identified: an axial
and a radial acceleration and in the case of an applied magnetic field a so called swirl
component. A typical arrangement for a MPDT consists of two coaxial electrodes
separated by an insulator. An high current electric arc is driven between the central
rod-shape cathode and a cylindrical anode: the gas propellant injected trough a
(circular slit at the base of the acceleration channel, trough an hollow cathode or
both) is ionized by the arc current reaching a plasma condition. Electric current,
flowing between the anode and the cathode, generates a magnetic field (usually
denoted as self-induced magnetic field Bself : the interaction between the Bself
field and the current itself produces the electromagnetic Lorentz force responsible
for the acceleration of the plasma and consequently the thrust. A representation
of the assumed configuration and the related reference frame is given in Fig. 2.1.
Cylindrical reference system consists of an axial or longitudinal axis z coincident
with the thruster centerline, while polar axis r is perpendicular to the previous one.
The azimuthal θ coordinate represents the angle between the reference direction
and line from the origin O to the projection of the considered point P. The axial
acceleration is provided by the interaction of the radial component of the current
jr with the self- generated magnetic field Bθ. The radial component is due to the
crossing of the aforementioned self-generated magnetic field and the axial compo-
nent of the current density jz. A representation of these two acting force is given
in Fig. 2.2. Moreover, if an external magnetic field is applied, then there will be an
interaction with radial and axial components of the current density respectively jr
and jz: taking into account an applied magnetic field with radial and axial compo-
nents these terms will be jrBz and jzBr. The MPDT case, with no magnetic field
applied can be described considering singularly the radial and axial component.
The computation of the axial component may be performed taking into account
a model that allows only radial current, azimuthally and axially uniform between
two coaxial electrodes. This case is showed in Fig. 2.3 where with rc is indicated
the cathode radius, ro the anode radius, zo is the characteristic length of the cur-
rent distribution, u the flow velocity of the propellant, fz the resultant axial force
density and Bθ the self-induced magnetic field. Taking into account the Maxwell’s
relation ∇×B the Bθ is clearly only azimuthal, linear in z coordinate and obeying
to the Eq. 2.22:
Bθ(r, z) =
µI
2pir
(
1− z
zo
)
(2.22)
where I = 2pirzojr is the total arc current. The body force density fz results
then:
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fz(r, z) = jrBθ =
µI2
4pi2r2z2o
(zo − z) (2.23)
As a consequence the overall axial force Fz applied to the propellant flow is the
volume integral over the inter-electrodes gap will result:
Fz =
µI2
4pi2r2z2o
∫ zo
0
∫ 2pi
0
∫ ro
rc
zo − z
r2
r drdθdz (2.24)
Being in the SI system the permeability constant µ ≈ 4pi10−7 follows that for
anode to cathode radius ratii ranging between 2-4, and discharge current in the
order of I ≈ 103A, obtained thrust will result T ≈ 0.7mN − 0.15N . Application
of Eq. 2.24 can be extended to different distribution current density j along the
z axis, provided that the azimuthal symmetry is maintained. The case in which
the radial current attaches itself at the end of the cathode is showed i Fig. 2.4.
Considering a conical-tip cathode relation 2.23 remains valid but the lower limit
rc of the integral in Eq. 2.24 will become rc(1− zzo ). As a consequence a second
term will appears in the equation for axial force and the result will be:
Fz =
µI2
4pi
(
ln
ra
rc
+
1
2
)
(2.25)
where the second term equal to 12 has been computed assuming a current
density j(r) = 1/r over the cathode surface. If j(r) were assumed to constant
than the axial force would result:
Fz =
µI2
4pi
ln
(
ra
rc
+
1
4
)
(2.26)
As can be seen, in the formulation by1 the corrective term is sensitive to the
variation of the current density over the cathode surface. The radial component
can be computed in an idealized model in which the current density is parallel to
the z axis and attaches itself at the cathode tip in an uniform normal beam as
in Fig. 2.5. In this case the magnetic field associated with arc current is still
azimuthal and proportional to the radius r as described in Eq. 2.27:
Bθ(r) =
µIr
2pir2c
(2.27)
The body force density is radial and at equilibrium will be compensated by the
radial gas pressure gradient, so that will result:
fr = jzBθ =
µI2r
2pi2r4c
= −dp
dr
(2.28)
Therefore the gas pressure profile over the cathode surface will be parabolic and
equal to:
p(r) = po +
µI2
4pi2r2c
[
1−
(
r
rc
)2]
(2.29)
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Figure 2.1: Typical MPDT configuration
with po is the value of the pressure at r = rc. The gap pressure on the cathode
is not balanced at the end of the discharge and the integral of the term p − po
over the cathode surface is responsible for a component equal to:
Fc = 2pi
∫ rc
0
(p− po)rdr = µI
2
8pi
(2.30)
This contribution still scales quadratically with the discharge current I and it
not depends on the cathode radius. Taking into account these models an overall
thrust can be considered involving all acceleration components in previous equa-
tions. The total electromagnetic acceleration will produced the force:
F =
µI2
4pi
(
ln
ra
rc
+
3
4
)
(2.31)
assuming an uniform current density over the cathode end surface. Eq 2.31 is
independent from the path followed by the current in the interelectrodes gap. As
stated for instance in Ref.37,34,10,15 a general formulation for the self-field thrust
can be defined as:
F =
µI2
4pi
(
ln
ra
rc
+ φ
)
(2.32)
where the constant φ may assume different values for different cathode geome-
tries and arc current distribution. This formula is therefore applied as a sort of
reference formula for the thrust computation for SF-MPDTs.
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Figure 2.2: Forces involved in the acceleration process for the SF-MPDT case
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Figure 2.3: Purely radial current density configuration
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Figure 2.4: Current density attachment over a conical-tip cathode end
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Figure 2.5: Purely axial current density configuration
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2.3 Operational parameters: ideal and real behaviors
of SF-MPDTs
Starting from Eq. 2.32 and considering that the dependency of the thrust with
respect geometrical parameters and current attachment can be summarized in a
single coefficient c, it is clear that, in the case of SF-MPDT, the thrust will follow
a quadratically dependency with respect the discharge current I 10, as in Eq. 2.33:
T = cI2 (2.33)
Therefore the trend of relevant variables affecting the thruster operation in
terms of power thrust output and efficiency, can be extrapolated, in a first glance,
taking into account the relation linking the exhaust velocity ue and the thrust T ;
and that one linking kinetic power PT and the aforementioned exhaust velocity.
Since:
T = uem˙ (2.34)
substituting T from Eq. 2.33 leads to:
ue = c
I2
m˙
(2.35)
Recalling the relation ue = goIsp, is clear that the specific impulse can be seen
as directly related to the discharge current I. Moreover, considering the kinetic
power defined as PT = 12m˙u
2
e from Eq. 2.35 will result:
PT =
c2 I
2
m˙ I
2
2
=
c2I4
2m˙
(2.36)
the latter one, highlighting a fourth power dependency of the kinetic term
with respect to the discharge current I. Overall required electric power Pel, can
be considered as the sum of the term directly related to the acceleration PT and
another one due to different mechanisms of loss (thermal losses, internal mode
losses, electrode losses) denoted as Ploss as follow:
Pel = PT + Ploss (2.37)
Defining a thrust efficiency ηT as the ratio between the kinetic power PT overall
power expenditure Pel, such that
ηT =
PT
Pel
(2.38)
leads to the Eq. 2.39
Pel =
PT
ηT
=
c2
2m˙ηT
I4 (2.39)
As a consequence the terminal voltage Utot related to the overall required
electric power will exhibit a third power dependency with respect I, as showed in
Eq. 2.40
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U =
Pel
I
=
c2
2m˙ηT
I3 (2.40)
As a consequence, for an ideal MPDT, the trend of relevant parameters (such
as thrust T , voltage U) can be summarized in the following relations:
Pel ∝ I4 (2.41)
Utot ∝ I3 (2.42)
However, during the operation of MPDTs, depicted dependencies in Eq. 2.42
are only followed in a narrow range of operational parameter: for example in a strict
range of discharge current I or mass flow rate m˙10. Behaviors of real thrusters
are affected by several effects that tend to deviate aforementioned trends from the
theoretical predictions. Some of these effects are summarized below:
• back-EMF (counter electro-motive force)
• Hall effect
• full ionization of the propellant (which can also implies an higher ionization
degree with the presence of multi-charged ions, in the case of argon Ar++)
• onset and instabilities occurrence
Being one of the main topics of this Thesis, the occurrence of the onset and
instabilities will be considered in more detail later. Here is only mentioned that the
back-EMF and Hall effect have been also considered to play a relevant role in the
inception of the onset52. With back-EMF is described a gradient in the voltage
due to the interaction of the flow velocity u and the self induced magnetic field
B, namely the term u×B. This effect tends to increase the current attachment
at the two tips of the acceleration channel, consequently leading to a decrease
in the current flowing in the intermediate, larger zone of the electrodes. Such a
consequence represents an issue, eventually contributing in the enhancement of
electrodes erosion. On the other hand, the Hall effect is responsible of an axial
current component in the proximity of the anode (anode sheath region), bending
current patterns and producing a consequent radial component of the Lorentz force.
This component is related to a reduction of charge carriers near the anode, one
of the possible processes leading to the onset and instabilities occurrence. Finally,
the power devoted to the ionization of the propellant is the cause of the shift
of Pel (and consequently U) from the predicted theoretical trend at low current
regimes. Fig.2.6 summarizes these effects: at low and high currents, ionization
and onset related phenomena respectively act, lowering the theoretical third power
dependency of the voltage U with respect to the current to a near linear trend.
In particular, beside the power fraction devoted to the ionization (always
present), real trend bounded by the onset occurrence represents an intrinsic limit
for the operation of both SF-MPDTs and AF-MPDTs: as will be showed in more
detail in the next chapter, onset occurrence is the main cause of low efficiency
performances and lifetime issues, over a certain operational point, and therefore
has been the object of intensive studies.
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Figure 2.6: Ideal and real trends of voltage U with respect current I for two
parametric values of mass flow rate m˙
2.4 Applied-Field MPDT
AF-MPDT includes the application of an external magnetic field to the aforemen-
tioned self-field configuration. This feature is related to an attempt to operate the
thruster at lower power levels than SF-MPDTs and increase, at the same time,
efficiency. A general description of this kind of thruster is given in Fig. 2.7. Ac-
cording to Ref.11,10,25 overall efficiency of MPDTs increases with increasing power
levels as several mechanism of losses becomes less relevant at high power. On the
other hand, however, optimization and testing of such thrusters at MWs power
levels still pones considerably problems. Research efforts on AF-MPDTs were fo-
cused on medium power range between 10s and 100s kW, and achieved Isp up
to 5000s, with best thrust efficiency levels η ≈ 50%34. Different propellant have
been used in AF-MPDTs: Ar, H, He, Xe and ammonia as well as alkali metals such
Li, and Cs10. Usually, the applied magnetic field is mainly axially and provided by
an external solenoid or by mean of a permanent magnets35.
The physics of the acceleration process underlying an AF-MPDT is complex;
however according with several authors20 the following components have been
theorized and acknowledged as concurrently contribute to the thrust, Fig.: 2.8,
Fig.: 2.9
• self magnetic acceleration: two components of the discharge current, jr, jz
interacts with the azimuthal magnetic field Bθ induced by the current flow
to produce an electromagnetic force jr×Bθ in the axially outward direction
and jz × Bθ in the radially inward direction. Both these two components
contribute to the thrust, the first one directly whereas the second one indi-
rectly.
• Swirl acceleration: the interaction between the aforementioned discharge
current components jr, jz and the applied magnetic field with two compo-
nents Bz,Br gives the azimuthal Lorentz force jr×Bz and jz×Br. These
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Figure 2.7: General scheme of an AF-MPDT
Figure 2.8: General picture of forces and fields in an AF-MPDT
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Figure 2.9: Components of current and magnetic field acting in an AF-MPD
thruster
two force components tend to turn the plasma into rotation and to transfer
rotational kinetic energy to it. Usually, approaches adopted for the descrip-
tion of the thrust models assume that this rotational kinetic energy could be
converted into an axial one through an expansion in a physical or magnetic
shaped nozzle.
• Hall acceleration: the azimuthal current jθ mainly induced by the Hall effect
interacts with the applied magnetic field with its components Bz, Br, thus
producing electromagnetic force components jθ ×Bz in the radial direction
and jθ ×Br in the axial direction.
• Gas dynamic (thermal) acceleration: through this mode the plasma is heated
up by the Joule heating and then expands in the physical or magnetic nozzle
in a similar manner to the acceleration process that takes place in the electro-
thermal arcjets.
Consequently in an AF-MPDT different kind of acceleration modes are ex-
pected to be dominant in different operational regimes and for different design and
geometrical parameters. All energies that are not directly related to the accelera-
tion (thermal and rotational) can be still converted in axial velocity by mean of the
use of a mechanical and magnetic field nozzle. From this result the importance
of a proper design of the applied magnetic field in terms of both geometry and
strength. Taking into account a particle description the recover of rotational and
thermal energies can be explained taking into account the fact that electrons are
able to cross magnetic field lines following the direction of the E field, only by
means of collisions. Electrons exhibit a drift velocity in the E ×B direction that
corresponds to the azimuthal direction θ. As a consequence the overall expression
for the thrust for an AF-MPDT will result as the sum of different components:35,10
Ttot = Thall + Tswirl + Tgasdyn + Tself (2.43)
where the last term Tself represents the self field contribution as described in
Eq.2.31. The thrust production related to the azimuthal current is regrouped in the
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Thall term, while the Tswirl is used to describe the conversion of the swirl motion.
Finally the thermal or gas dynamic term summarizes axial pressure components.
Although different criteria exist to compute the thrust produced by an AF-MPDT,
a summary of the order of magnitude of the aforementioned thrust components is
presented for example in35. From these calculations Tab. 2.1 can been easily seen
as to different values of operational parameter such as mass flow rate m˙, discharge
current I and applied magnetic field Bapp there is a detectable difference between
correspondent values of thrust components.
For instance, in the case of the SX3, the AF-MPDT operated at the IRS, swirl
and Hall acceleration contributes are expected to be prominent among the others
in producing the thrust.63
2.4.1 General arrangement of AF-MPDTs
Generally two different AF-MPDT designs can be identified: the first one is related
to the operation at high current regimes and relatively low current regimes67,68,66,62;
the second one related to operation at mid/low discharge currents and high mag-
netic flux densities13,64,65. With respect operation at critical regimes, and in gen-
eral to extend the life of the thruster both the choice of materials used for elec-
trodes and electrodes geometry play a major role. Different cathode solutions used
in AF-MPDTs are showed in Fig.2.10. Single rod cathode represented the first
type of cathode used in both MPDTs and AF-MPDTs. In the single channel hol-
low cathode configuration (ScHc), the propellant is injected trough an hole in the
cathode section. This feature permits a lower cathode erosion rate and in general
contributes to a reduction of the electrodes voltage fall component of the voltage
in AF-MPDTs71,69,70. Finally multi-channel hollow cathode (McHc) consists of a
configuration similar to the ScHc where the hole is filled with several solid metal
rods. The propellant flows trough the inter rods gap. This kind of cathode has
been mainly used in AF-MPDTs operated with Lithium (Li) as propellant66 and
provided a further reduction of the required voltage and a even lower erosion rate.
However, as pointed out in several works related to cathode processes, these at-
tractive features seems to be mainly related to the operation with Li, in which the
formation of a alkali-induced work function typically lower than the cathode work
function, permit operation at lower voltages and to prevent excessive erosion70.
Morover advantages of the McHc over ScHc configuration are in somehow limited
to quasi-steady regimes. To date, for steady state operation with no alkali-metals
as propellant, the ScHc solution seems to represent the best solution in terms of
erosion rate and a voltage reduction70.
Type B/T m˙/mg s−1 I/A Thall/N Tswirl/N Tself/N
Tokyo University 0.1 0.9 200 4.4× 10−2 1.4× 10−2 1× 10−4
Los Alamos 0.19 25 350 1.8× 10−1 6.9× 10−1 9× 10−3
Osaka University 0.075 2750 15,000 4.0 22.0 20
Table 2.1: Operational parameters and thrust component fractions for different
AF-MPDTs. (from Ref.35)
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Figure 2.10: Different cathodes arrangements and propellant injection: Fig (a)
Single rod cathode, Fig (b) Single channel Hollow cathode (ScHc), Fig (c) Multi
channel Hollow cathode (McHc)
2.4.2 Operational parameters and performances of AF-MPDTs
Since the analysis work of the Thesis has been focused on the SX3, an AF-MPDT
currently operated at the IRS, in this section will be provided a brief summary of op-
erational trends and general behaviors of AF-MPDTs. A complete characterization
of the SX3, and previously thrusters operated at the IRS will be also provided in a
dedicated section. Due to its nature, and the complexity of acceleration processes
taking place in AF-MPDTs, a unique general accepted model describing thruster
behaviors does not exist yet; on the contrary several models able to describe some-
how the thrust T , voltage U and thrust or overall efficiency η related trends exist,
and have been used and matched with experimental outcomes of different experi-
mental campaigns. Several reviews of experimental efforts devoted to AF-MPDTs
with a focus on spotted operational trends have been provided by several authors
and can be found for example in66,34,35,10. Taking into account Eq. 2.43 can be
expected that for each thrust component a correspondent form had been theorized.
There will be therefore, some variables in common among different components
of the thrust: this feature glimpse the possibility of a characterization of thruster
efficiency behaviors, within a limited numbers of variables66,15. A widely know
formulation for the computation of the thrust in AF-MPDTs is due to Tikhonov
et al.53 and can be expressed as follow:
Ttot =
µoI
2
4pi
[
ln
(
Ra
Rc
)
+
3
4
]
+ 2KHIBappRa +KGDaom˙ (2.44)
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Figure 2.11: Trends of the Hall thrust component TH and the coefficient KH
as a function of the ratio between the magnitude of the applied magnetic field at
cathode and anode
BAappl
BCappl
highlighting the following dependency of the thrust on different operational
and geometric parameters: Ttot = f(I, m˙, Bapp, Rc, Ra) where Rc and Ra are
respectively the cathode and the anode radii. In the Eq. 2.44 the gas dynamic
and the self-field contributions are clearly visible, being respectively expressed by
the first (µoI
2
4pi
[
ln
(
Ra
Rc
)
+ 34
]
) and the last KGDaom˙ term. Component related to
the applied magnetic field, which are denoted in Eq. 2.43 as Thall and Tswirl are
somehow summarized in the Tikhonov formulation in the third term of Eq. 2.44
namely 2KHIBappRa where the applied magnetic field Bapp and the coefficient
KH come into places. In particular this last coefficient, assumed as a constant
value in many cases66, is mainly a function of the ratio between the magnitude
of the applied magnetic field at the cathode BCappl and at the anode B
A
appl. For a
complete description of this formulation and a the functional form of the KH the
reader is referred to53.
On the other hand different scaling relations for both voltage and thrust have
been proposed within the wide range of experimental activities performed till now.
As will be shown in more detail in the section devoted to the analysis of experimen-
tal efforts related to AF-MPDTs a more general dependency relating the voltage
to the different parameters can be found for example in66.
Since a fully analytic model capable of adapting to different kinds of thrusters
does not exist yet, one of the possible performed strategies for the definition of
the operational parameters such as mass flow rate m˙, applied magnetic field Bapp
discharge current I, is often the exploit of a numerical code in order to get useful
infos about trends of variables involved in the acceleration process38
Those parameters indeed affect the thruster performances in terms of thrust
T , thrust efficiency η and lifetime. Thus values of particle density, current density,
force density inside the thruster are computed and displayed through the use of nu-
merical codes. Outcomes of such analysis can be then matched with experimental
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results once those becomes available.
2.4.3 Hints and role of the numerical simulation
The implementation of a numerical codes capable to provide results in according
with previous experimental campaign isn’t in general an easy task. Mainly, two
different approaches exist to modelize the problem: macroscopic models which
are based on MHD equations and PIC models which are based on particle dy-
namics. Macroscopic models based on MHD equations are frequently adopted
in studies about MPD thrusters and several codes have been developed in order
to investigate the physical phenomena involved as well as to improve the exper-
imental performances. However, taking into account assumptions and empirical
parameters accompanying the continuum theory, and the species complexity of the
AF-MPDT plasma flows, it is tricky to obtain the exact transport coefficients of
the flows. As an alternative way to investigate the physical processes of plasma
flows, PIC methods have been extensively used in Hall and ion thruster model-
ing. According to the difference in the way of dealing with electrons, the PIC
method can be further classified into the hybrid-PIC method where electrons are
treated as a fluid and the full PIC method where all particles including electrons
are processed kinetically. As a good trade-off between the macroscopic and full
PIC models, hybrid-PIC models can provide numerical solutions in relatively short
time, despite the disparate dynamic scales of electrons and ions, and the relatively
complex thruster geometry and magnetic field topology in Hall and ion thrusters22
However, the hybrid-PIC model becomes quite complicated when it comes to AF-
MPDs because many simplifying assumptions on the electron flows used in Hall
or ion thruster modeling are not appropriate now, and the governing equations of
electrons under three-dimensional modeling conditions are difficult to solve. Thus,
even if this approach has been pursued for example in12 an effective and sim-
plified hybrid-PIC technique for studying AF-MPDTs is still a problem. The full
PIC method, however, prevents the problem by treating all the particles including
electrons kinetically and has been successfully implemented in a recent study on
AF-MPDTs.23 In macroscopic models this kind of approach the plasma flow inside
the thruster is described by the conservation equations for heavy particles, elec-
trons and magnetic field for thermal non equilibrium. Usually the magnetic field
description is performed with a vector potential formulation in order to evaluate
the influences of the solenoidal coils and induced azimuthal current density on the
magnetic field. The numerical scheme may be a one or two dimensional axialsym-
metric finite volume method on structured or unstructured adaptive mesh. The
physical model is described by the following conservation equation: conservation of
mass, momentum, heavy particle and electron energies, conservation of magnetic
field. Various difference schemes can be used but in the case that the hyperbolic
part of of the conservations equations are retained an adequate upwind scheme is
needed. Often such an implementation also addresses important constraints related
to the choice of an appropriate time scale for the simulation. For the parabolic
part central differences can be used provided that the grids are not unstructured,
since in that case a quasi-central scheme in required. A correct choice of boundary
conditions also affect the outcome of the simulation. These issues clearly shows
the grade of complexity in such a numerical code suited for an AF-MPDT.
CHAPTER 3
Onset and Instabilities
3.1 Introduction
As briefly mentioned in the previous chapter onset and instabilities play a major
role in limiting currently achievable performances and lifetime of both SF-MPDT
and AF-MPDTs. With the term onset is described the transition of thrust oper-
ating behaviors to a regime characterized by large-voltage fluctuations, increased
electrodes erosion, transient in plasma properties33 (particle number density fluc-
tuations71, variations in the azimuthal symmetry of the plasma58,60). Theoretical
and experimental studies focused on the clarification of mechanisms involved in the
onset was performed initially on SF-MPDTs. Generally speaking criteria and tools
developed in the frame of self-field thrusters have been later adopted, even for the
AF-MPDT case. In order to clarify this trend within this and the next chapter a
more detailed analysis of the onset phenomenology as well as of theories proposed
to explain it is provided, highlighting those related to SF-MPDTs and those ones
developed in the frame and applicable to AF-MPDTs.
3.2 Definition and characteristics of the Onset
The term onset was introduced in the work of Malliaris et al.31 related to the
characterization of an MPDT operated in quasi-steady regime. In the same period
similar results were found by researchers in Soviet Union32 and referred in literature
as critical regimes. Operating with SF-MPDTs, both in steady or quasi-steady
regime, the main parameter that characterizes the occurrence of the onset is the
k∗ parameter defined as the ratio between current I and mass low rate m˙:
k∗ =
I2
m˙
(3.1)
Taking into account this parameter the onset occurs once a certain value of
k∗ is exceeded. Even if, as can be easily hypothesized, experimental results may
greatly differ due to different geometries, operational parameters and discharge
32
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current characteristics, this parameter has been successfully used to define a low
and high limit of operation for different thrusters. As lower limit of the onset
parameter the value of k∗ ≈ 40 kA2 s g−1 is often assumed10. A more general
definition of the onset parameter due to Hugel43 k∗ takes into account the effect
of the gas used as propellant:
k∗ =
I2
m˙M
1
2
i
(3.2)
whereMi represents the ion mass of the propellant specie. In this case common
values of k∗ are such that k∗ ≈ (15 − 33) × 107A2 s g−1. Experimental efforts
cited for instance in Ref.34 have also related the onset inception to a certain
fraction of the ionization current Iion. With this parameter is indicated the value of
current required for a complete ionization of the propellant. In self-field thrusters
the value of the ionization current is related to that one at which, assumed as
constants other conditions (propellant, geometry) the onset is spotted. Following
for instance Ref.44,34? Iion is defined as:
Iion =
(
4pim˙uci
µoln(
Ra
Rc
+ 34)
) 1
2
(3.3)
where µo is the magnetic permeability and uci the critical ionization velocity
(also know as Alfven ionization velocity). The latter one is usually defined as:
uci =
(
2ε
Mi
) 1
2
(3.4)
where ε represents the first ionization energy of the propellant. The ratio
between operated current and Iion is considered as a relevant indication of thruster
behaviors: onset inception and consequently a degradation of performances is
assumed to occurs when
ξ =
I
Iion
≈ 1 (3.5)
Operating the thruster at ξ > 1 is related to the onset occurrence34, and
therefore the presence of large voltage fluctuations and erosion of electrodes. The
ratio, can be defined, as will be seen later, even in the case of AF-MPDTs. In a
more general sense, ξ can be considered as a similarity parameter: two thrusters are
expected to exhibit same performances, even regarding behaviors at or close to the
onset, provided that they operate at same (or very close) values of ξ. In Fig. 3.1
is illustrated the trend of the onset current computed, as in Eq. 3.5, as a function
of mass flow rate m˙ for different propellants used. It can be seen that, according
to this formulation, in regarding to the onset the use of gases with higher values
of the ionization velocity ui leads to higher values of computed onset current. In
Fig. 3.1 curves illustrated are relative to the Ar, Li, Xe and He respectively with
ionization velocities of 8.7 km/s, 12.2 km/s 18.35 and 34.4 km/s
Eq.3.3 can be rearranged summarizing the geometric contribution depending
on the anode and cathode radii Ra and Rc in the form of a thrust coefficient CT 44:
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Figure 3.1: Trend of the Onset current in SF-MPDTs for Ar, Li, Xe, He
CT =
µo
4pi
[
ln
(
Ra
Rc
)
+
3
4
]
(3.6)
The ionization current will be result then:
Iion =
(
m˙uci
CT
) 1
2
(3.7)
As will be analyzed later on, this formulation is useful since will allow, in AF-
MPTDs, to consider geometrical effects separately.
3.2.1 Voltage fluctuations and anode spot formation
As already mentioned the onset occurrence is usually identified by a transition of
operational parameter as voltage and discharge current to a regime characterized
by large amplitude fluctuations commonly defined as voltage hash. In Fig. 3.2 is
illustrated the trend of the voltage with respect time: large fluctuations are clearly
visible as the current is increased over a certain limit. This example is related
to the experimental work performed on a MPDT operated in self-field mode33 in
quasi-steady regime with a mass flow rate m˙ ≈ 1 g/s. Considering the criterion
highlighted in Eq.3.5 for the aforementioned case is possible to determine a cor-
respondent value of the onset current. A good agreement between this computed
value and experimental trends illustrated in Fig. 3.2 can be observed: the predicted
onset current is such that I ≈ 7.8kA while the presence of the onset is observed,
with fluctuation in the range of 10% in the mean value of operated voltage, for
values of I ≈ 8kA. In Tab. 3.1 data used for the computation of the onset current
are summarized. This example highlights as the formulation of the onset current
as dependent to the ionization current can be applied to SF-MPDTs in order to
predict the occurrence of the onset and instabilities with a certain accuracy.
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Figure 3.2: Terminal voltage traces at the Onset for the "Odysseus" MPDT, for
different values of operated current. Adaptation from Moeller, JPL 2013 33
Propellant m˙/g s−1 RaRc CT ui/kms
−1 k∗/ kA2 s g−1 Ionset/A
Ar 1 2.52 1.4 8.72 61.8 7861
Table 3.1: Operational parameters and onset current of the "Odysseus" MPDT,
JPL 2013 33
The next step in the analysis of the behaviors of the thruster at the onset is
then, once that voltage traces have been collected, the computation of the power
spectral density (PSD) for a given set of operational parameters. As widely know,
PSD gives an estimation of the power contributed to the wave, in this case the
voltage signal, by a frequency, for unit frequency. In this way it contributes to
clarify which frequencies are dominant at the onset. As will be briefly seen later
on in fact, the characterization of instabilities in MPDTs has been performed also
trough the analysis of those one believed to be theoretically compatible with plasma
parameters and characteristic lengths commonly involved in the ionization and
acceleration process48. In Fig. 3.3 is illustrated the qualitative trend computed
with a simple fft-based PSD estimate for the operated condition correspondent
to the higher current level trace, namely I = 10.7 kA, in Fig.3.3. For a more
detailed analysis the reader is referred to33. In particular in this kind of analysis
the determination of dominant frequencies helped to speculate on the nature of
the instability. From the graph can be noted that frequencies present two main
peaks around 40 kHz. In the aforementioned work of Moeller the present analysis
was performed taking into account the average over several shots, cutting off lower
frequencies below 10 kHz and performing a Welch-based PSD estimate, up to 200
kHz.
Another aspect that has to be considered in the thruster operation at the onset
is the anode spot formation. With this term is defined the transition from a diffuse
current attachment to a highly localized one: this results in higher heat flux and
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Figure 3.3: Power spectral density at the Onset for the "Odysseus" MPDT, at
10.7 kA33
possible local melting of the anode. Effects of the spot formation pone two main
limitations to the thrust operation, since from one side they reduce electrodes es-
pecially the anode lifetime and on the other hand melted material from electrodes
(representing an additional undesired mass flow rate) can negatively affect plasma
behaviors and more important performances related measurements. In Fig. 3.4
and Fig. 3.5 are showed respectively the formation of anode spots during thruster
operations and a damaged anode due to the effect of spot current attachment.
In general erosion effects have been found increasing with the increase of the on-
set parameter k∗ over critical values. However as theoretically and experimentally
showed in more recent investigations45 is the anode material to play a major role
in the anode spot formation. In particular for given values of the k∗ parameter
anode made of lead show significant degradation while graphite made anodes does
not show any severe damage. The anode spot effect has been also theoretically
related to the onset related stability. After early works focused on the topic43, a
recent attempt to provide a comprehensive approach to instabilities in SF-MPDTs
(including the role of the anode spot formation) can be found for example in47.
Taking into account the aforementioned aspects and the outcome of several re-
search group an overall picture of the onset phenomenon related to SF-MPDTs
can be summarized as follows:
• I2m˙ is dependent on the particle density of the propellant trough the atomic
weight Mi: in particular the use of propellant with lower Mi allows the
operation at higher onset parameters
• the geometry of the thruster, namely the anode to cathode radii ratio RaRc
affects the onset parameter such that a decrease of this ratio leads to an
increasing of the mean particle number density and consequently of the I
2
m˙
parameter
• once that the threshold limit of the onset parameter is exceeded, the volt-
age hash magnitude presents a slowly increasing trend first, a much more
pronounced increase in a second phase, and tends to a reduction finally for
even high values of I
2
m˙ .
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• formation of anode spots above critical values of the onset parameter consists
in a localized current conduction instead of a diffuse one. This also implies
melting of the anode in correspondence of localized current attachment.
• above the onset, and in particular within the anode spots conduction regime,
the erosion of the electrodes increases and results in a severe damage of the
anode surface.
3.3 Onset theories in SF-MPDTs
Among the huge amount of efforts devoted to the clarification of causes and differ-
ent aspects involved in the onset the aim of the present section is only to provide a
brief summary of most important ones. An useful comprehensive summary of this
matter and to whom the author here refers is presented for instance in the work of
Andrenucci10. Theories related to this topic are often divided in two main bodies:
plasma instabilities and anode starvation. The first ones postulated the formation
of different unstable oscillation modes once that critical conditions are attained,
while anode starvation theories claim a limitation in the maximum driven current
as the cause of the onset.
3.3.1 Anode starvation theories
Anode starvation aims to explain the onset occurrence by mean of a decrease in
the density of charge carriers in the near anode region. As already mention, this
reduction is attributed to the Hall effect, namely the component of the Lorentz
force in the radial direction. (Eq. 2.28). An increasing in currents levels above
a certain value implies the formation of a sheath-limited conduction. The anode
sheath limits the amount of current that can be conducted by the anode. The
value of the sheath-limited current is considered to be equal to the random flux
of electrons across the sheath. The overall current collected by the anode is due
to charge carriers fluxes integrated over the anode surface. For values of current
below the critical threshold the anode sheath acts to repel electrons. Defining the
electron average thermal velocity as in Eq. 3.8
vth =
(
8kBTe
pime
) 1
2
(3.8)
the current density across the anode repelling sheath can be expressed as in
Eq. 3.9
j =
en
4
vth e
− eφsh
kBTe (3.9)
where n is the particle number density out of the sheath region, φa the anode
sheath potential, Te the electron temperature and kB the Boltzmann constant.
Increasing the value of the current density in Eq. 3.9 is possible as long the anode-
sheath exist: once that it is disappeared with increasing current, the maximum
value of local current that can be conducted is denoted as saturation current jsat
and equals to:
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Figure 3.4: Formation of anode spots in the quasi-steady Princeton Full-Scale
Benchmark MPDT (FSBT): concentration of current density patterns are clearly
visible in the form of bright filaments. From Uribarri c©46
j =
en
4
vth (3.10)
If current levels are increased furthermore the sign of the anode sheath becomes
positive: this means that the sheath is no more electron repelling but attracts
electrons. In this condition a decrease of particle density near the anode leads to
the develop of a large fall voltage since the anode potential needs to increase to a
value that allows the generation of ions. At this point in the process however, a
diffuse conduction of the current is not possible anymore: the current breaks down
to a discrete anode spots conduction regime leading to the melt of localized anode
points. The aforementioned transition is defined as the onset.
3.3.2 Plasma instabilities theories
Plasma instabilities theories represent a consistent part among the efforts devoted
to the interpretation and explanation of the onset occurrence. A common assump-
tion of these theories is that at the point in which critical behaviors are detected, in
the acceleration channel conditions arise that are compatible with the development
of different oscillation mode. Since these oscillation modes are unstable their pres-
ence lead to a modification of the plasma behaviors as well as of the symmetry of
the discharge and the plume. Both these effects are related and simultaneous to the
detection of commonly accepted signal of the onset as large voltage fluctuations.
3.3. ONSET THEORIES IN SF-MPDTS 39
Figure 3.5: Effect of the spot current attachment on the FSBT anode. From
Uribarri c©46
Five micro-instabilities are supposed to exist in a self-field MPD thruster: General-
ized Lower Hybrid Drift instabilities (LHDI), Electron Cyclotron Drift Instabilities
(ECDI), Buneman Instabilities, Ion acoustic instabilities, and Drift Cyclotron in-
stabilities.48. Both LHDI, ECDI and their combinations have been experimentally
identified in the aforementioned work. Drift instabilities are also considered by
many authors to be at the base of the Onset inception.50. These instabilities are
related to high values of electrons and ions relative velocities. Others kind of in-
stabilities such as Space charge51 and Pierce Instabilities as well as the back-EMF
theory52 have been proposed as the cause of the occurrence of critical regimes.
According to this last theory in fact, increasing the critical factor k∗ also implies
a rapid growth of both the induced magnetic field and the plasma velocity in the
acceleration channel. As a consequence, the value of the back-EMF will increase
up to a threshold that prevents the current to flow between the electrodes: this
mechanism is identify as the cause of the onset. However, later authors49 have
pointed out that such a limit always exists taking into account the one dimensional
nature of the analysis. As a consequence the onset instability cannot be explained
taking into account the only back-EMF. Finally with Macroscopic instabilities are
defined oscillation modes and disturbances acting all over the acceleration channel
on scale length comparable with the interelectrodes gap. Evidences of rotating flow
oscillations have been spotted in several experimental investigations. In particular
theories developed at the IRS in Stuttgart in the frame of experimental activities
on SF-MPDTs41 explain the onset inception trough the formation of an unstable
runaway heating process once that the electron heat flux exceeds a certain limit.
According to this formulation in fact, the electron flux term is modeled as a func-
tion of the following product ωeτe where the first and the second variable are,
respectively, the electron cyclotron frequency and the electron collision time.
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Several further theories have been proposed and can be found for example
in the work of10. In regarding AF-MPDTs two theories have been used in the
analysis of instabilities and critical regimes: from one side the Tikhonov criterion
for AF-MPDTs53 and the Kruskal-Shafranov limit67. Sice both these criteria have
been used for the determination of SX3 unstable regimes their detailed analysis is
provided in the next Chapter 4.
CHAPTER 4
Tikhonov Criterion and Kruskal-Shafranov limit
4.1 Tikhonov Criterion
4.1.1 Introduction
Following the original work of Tikhonov53 and the more recent one of Andrenucci
and Misuri61 is possible to identify three different steps of Tikhonov’s analysis:
Magneto-hydro-dynamic (MHD) channel, self-field MPD case, and applied mag-
netic field case. Basic assumptions of the model are one dimensional flow, per-
pendicular electric and magnetic fields E ⊥ B, perpendicular current density and
magnetic field j ⊥ B, neglecting self-induced magnetic field being the only applied
one considered, steady operation with all partial temporal derivative negligible
∂
∂t = 0. Moreover in regarding the gas properties an equal number density and
temperature for electrons and ions is assumed, so that ne = ni and Te = Ti. The
constant adiabatic index assumes the value related to the monoatomic gas case,
such that γ = 5/3 and the fluid is considered as a perfect gas so that it will result
pv = ρRT . General MHD governing equation are summarized in the following set
∂ρ
∂t
+∇ · (ρu) = 0 (4.1)
ρ
(
∂
∂t
+ u · ∇
)
u = j×B−∇p (4.2)
j = σ (E+ u×B) (4.3)
Considering the one dimensional case being the z-direction coincident with the
axis of symmetry of the thruster aforementioned equations reduces to the form:
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ρuA = constant (4.4)
u
du
du
= −1
ρ
dp
dz
+
1
ρ
jB (4.5)(
j2
σ
−Qloss
)
= ρvcp
dT
dz
− vdp
dz
(4.6)
p = ρRT (4.7)
j = σ(E − vB) (4.8)
where all the variables are scalar being function only of the z coordinate. Equa-
tions (4.1.1) represent respectively the continuity equation, momentum equation
along z-axis, static enthalpy, equation of state and the Ohm’s law. Combining the
first three equations of the set (4.1.1) is possible to obtain a classical formulation
for the plasma flow acceleration of the MHD channel as the derivative of the flow
velocity
du
dt
= f(M,u,A,
dA
dz
, ρ, γ, a,
j2
σ
,Qloss, B) (4.9)
where M is the Mach number, A the channel area, ρ the mass density, γ the
adiabatic index, a the sound velocity, σ the plasma conductivity, j the current
density, Qloss heat losses to the walls due to thermal conduction and radiative
losses. Those quantities can be considered as three different contributes to the
plasma flow acceleration taking into account the channel shape, ohmic heating
and Lorentz force respectively in the form:
u
(M2 − 1)A
dA
dz
≡ channel area (4.10)
− γ − 1
(M2 − 1)ρa2 (
j2
σ
−Qloss) ≡ ohmic heating (4.11)
− jBu
(M2 − 1)ρa2 = Lorentz force (4.12)
(4.13)
The first terms of set 4.13 represents the acceleration contribute due to the
section shape: the flow increases its velocity in a converging nozzle if it is subsonic
and accelerates in a diverging one if supersonic. The second term is the ohmic
heating that accelerates the flow while it remains subsonic. The last term is
the contribution of the Lorentz force that accelerates the flow once it reaches
supersonic velocity. Two dimensionless parameters can be introduced: the Mach
number M and Π = uBE =
u
uc
. Π parameter represents the ratio between particle
flow velocity and drift velocity proportional to the term E × B. The Eq. ()
are represented on the (M,Π) plane for the MHD channel analysis for different
idealized processes. Four different cases are analyzed by Tikhonov:
• constant area channel with no heat losses, that implies A = constant and
Qloss = 0
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• constant area channel, no heat losses and constant electric to magnetic field
ratio so that EB = constant
• general polytropic processes resulting in the form p =
(
C
ρ
)n
In the first case the (M,Pi) plane is divided in different regions depending
on the sign of the term dMdz <0. In order to keep the flow accelerating above
the sonic condition the process have to pass trough the M = 1 point that links
subsonic and supersonic regions. In the second case governing equations 4.1.1 can
be rearranged in a single one substituting momentum and Ohm’s law equations
into static enthalpy equation, as follow:
ρucpdT =
E
B
dp+
E
B
ρudu− ρud
(
u2
2
)
(4.14)
Integration of the last equation between initial conditions To, po, uo, corre-
sponding to the initial section of the channel, and those ones corresponding to a
generic section of the channel, leads to a single equation relating the Mach number
M , the parameter Π and initial conditions and EB regrouped in the constant term
Co =
coB2
E2ρouo
. co represents a constant consisting of the sum of initial conditions
To, po, uo.
M2 =
2Π(kΠ− k + 1)
k(k − 1)[Π(2−Π)− Co] (4.15)
From this equation different curves can be considered for different values of
the constant Co. As can be seen from Fig. (4.1) The acceleration of the flow till
supersonic conditions is only possible trough a specific curve for Co = 0.64: this
means that according hypothesis of constant area channel, with constant electric to
magnetic field ratio and no heat losses, initial conditions must be properly chosen
in order to allow a supersonic acceleration of the flow.
In the case of polytropic processes assumptions are A = constant and no
heat losses. In this case in fact introducing the equation that defines the relation
between pressure and density p =
(
C
ρ
)n
the electric to magnetic field ratio can not
be arbitrarily chosen. Eq. 4.1.1 can be differentiated with respect z coordinate and
considered with conservation equations 4.1.1. The outcome is a relation involving
polytropic exponent n, Mach number M , and Π parameter. Polytropic processes
can be represented on the (Π,M) plane
Ao represents the ratio between magnetic and gasdynamic pressure as consid-
ered in more detail in the following section. Π is defined as the ratio uBE . It is
showed that high values of Ao lead to Π values above the unity, and generate in-
stability inside the thruster. In this condition indeed the balance of different terms
involved in the definition of derivative of plasma flow velocity impedes further flow
acceleration. Ao is then according to this formulation, a fundamental parameter
for the Onset occurrence. For the complete derivation of the analysis the reader is
referred to Ref.61
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Figure 4.1: Nature of the acceleration processes for different values of the coef-
ficient Co
4.1.2 Application of the Tikhonov criterion
Within this section the Tikhonov criterion for AF-MPDTs will be considered. In its
last formulation this criterion will be used for the analysis of the present and future
configurations of the SX3. As aforementioned the non dimensional Ao represents,
according to the Tikhonov theory, the trigging parameter for the occurrence of
critical regimes. Once established the physical meaning of this parameter is nec-
essary to define the limit that bounds the onset occurrence. The Tikhonov theory
becomes, at this step, a semi-empirical model since the upper limit of such pa-
rameter is determined trough experimental results. Specifically a geometrical Ageoo
coefficient is defined as follows53:
Ageoo =
3.6
Ra
Rc
− 0.5
(4.16)
where Ra and Rc represents respectively the anode and cathode radii. In the case of
SF-MPDTs the Ao can be considered as a criterion of similarity of the plasma flow
as the ratio between magnetic pressure pm and gasdynamic pressure pgd: thus Ao =
pm
pgd
. This expression can be further developed taking into account the classical form
for the magnetic and gasdynamic pressures respectively pm = B
2
2µo
and pgd = ρRT ,
being µo the magnetic permeability, B the self-induced magnetic field, ρ the gas
density, R the gas constant and T the plasma temperature. According with the
Tikhonov theory the critical section is defined as that section in which the flow
velocity u reaches the value of sound velocity ao so that u = ao. One can use this
and the following relations to rearrange the magnetic to gasdynamic pressure ratio
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as follows:
m˙ = ρuA, (4.17a)
a =
√
γRT , (4.17b)
B = Bself =
µo
2pir
, (4.17c)
Equation 4.17a represents simply the continuity equation for the flow, where con-
sidering the coaxial geometry of the thruster the area A is equal to pir2. Equation
4.17b defines the ion sound velocity as function of the adiabatic index γ, gas con-
stant R and temperature T . Equation 4.17c is the form for the induced magnetic
field B as function of the radius coordinate between electrodes r. Thus with
obvious passages the magnetic to gasdynamic pressure ratio becomes:
pm
pgd
=
B2
2µo
=
µoγ
8piao
I2
m˙
. (4.18)
For a SF-MPDT the Tikhonov parameter assumes the form:
ASFo =
µoγ
8piao
I2
m˙
(4.19)
where the superscript SF stands for self-field. It is worth to notice here that Eq.
4.19 expresses the same structure defined in eq.(3.1) highlighting that, even in
this case, this parameter is proportional to the ratio I
2
m˙ . In a same manner, for an
AF-MPDT a similar coefficient is considered as representative of the acceleration
process and the Tikhonov parameter assumes the form:
AAFo =
I(Bself +Bapp)(Ra −Rc)
µam˙
(4.20)
where the superscript AF indicates applied-field case. In AF-MPD thrusters AAFo
links different operational parameters: applied magnetic field Bapp, mass flow rate
m˙, discharge current I, self induced magnetic field Bself . The Tikhonov criterion
for stability reduces then to:
ASFo < A
geo
o , (4.21a)
AAFo < A
geo
o , (4.21b)
where the first criterion covers the self-field case; the second one the applied-field
case. As mentioned before ion sound velocity ao is a function of the plasma tem-
perature according to the Eq. 4.17b. In the Tikhonov analysis of the MHD channel
one of the assumption is that electron temperature Te equals ion temperature Ti. In
AF-MPDTs operated in quasi-state regime electron temperature has been seen to
be a weak function of discharge current I 62, applied magnetic field B 71 and to ex-
hibits increasing trends with these variables. For high values of operated discharge
current I > 10 kA the dependence of the electron temperature on the current is
more pronounced62, and higher values of Te have been experimental verified68.
However, as described in the following section, regimes on interest for this analysis
are those ones related to the lower discharge current regime up to 1000÷ 2000 A.
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As we have seen in the section dedicated to the analysis of experimental campaigns
performed at the IRS and former DLR in fact, the approach pursed during research
activities related to AF-MPDTs at IRS has been oriented to the design and opera-
tion of devices characterized by relatively low discharge currents in comparison with
others similar thrusters. Taking into account these clarifications one can assume,
for our purposes, over a wide range of operational parameters, the electron temper-
ature Te to be constant and ranging in the interval Te = 1÷3 eV34,71. Considering
the equation 4.20 different parametric formulations admits the computation of dif-
ferent critical conditions. Starting from AAFo = f(Bext, Bself , m˙, I, Ra, Rc, ao)
one can notice that the variable Bself is function of discharge current I and ra-
dius coordinates of the electrodes gap as previously stated in 4.17c. Defining the
radius such that r = Rc to compute the self-induced magnetic field, allows to
consider Bself = f(I). For a given thruster geometry being fixed alternatively
the anode or cathode radius and their ratio R¯ the geometric dependence of the
Tikhonov parameter can be wrote as f(Ra, Rc) = f(R¯) being R¯ = RaRc . Assum-
ing, as stated, a constant electron temperature Te and consequently a constant
ion sound velocity ao, relation 4.1.2 is reduced to AAFo = f(Bapp, m˙, I, R¯, ao).
This relation is compared to the Tikhonov geometric parameter as stated in Eq.
4.21b. Thus is possible to study trends of different combinations of variables and
parametric values. Two equivalent representations consist to arrange relation 4.1.2
as Bapp = f(I, R¯, m˙) and I = f(m˙,Bapp, R¯). Considering the first form explicitly
leads to
Bapp =
4piAgeoo µom˙
I(Ra −Rc) −Bself (I) (4.22)
while the second one implies:
Icrit =
4piAgeoo µom˙
(Bself +Bapp)(Ra −Rc) . (4.23)
These two equations describe the trend of applied magnetic field and current in
critical conditions, hence conditions at the onset inception. Therefore, to operate
the thruster with no occurrence of instabilities, according to this model, values of
applied magnetic field, current and operational parameters have to be chosen such
that:
Bapp <
4piAgeoo µom˙
I(Ra −Rc) −Bself (I) (4.24)
or alternatively
Icrit <
4piAgeoo µom˙
(Bself +Bapp)(Ra −Rc) . (4.25)
4.2 Kruskal-Shafranov limit
4.2.1 Introduction
Within this section theoretical basis of the Kruskal-Safranov limit are introduced.
This criterion is based on a classic model describing a typical instability mode that
may arise in confined plasmas. In particular this model has been used for different
kind of geometries: opened geometries (Fig. 4.2), close end geometries (Fig. 4.3)
and tokamaks (Fig. 4.4).
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4.2.2 Diffuse linear pinch
The model used is basically a diffuse cylindrical plasma column (know also as diffuse
linear pinch) of radius r = a. In cylindrical coordinates r, θ, z assuming a rota-
tional symmetry in θ and translational symmetry in z, the equilibrium conditions,
described by the MHD equations
j×B = ∇p, j = ∇×B ,∇ ·B = 0; (4.26)
reduce to:
∂p
∂r
= jθBz − jzBθ, jθ = ∂Bz
∂r
, jz =
1
r
∂(rBθ)
∂r
(4.27)
Eq. 4.27 can be manipulated in order to eliminate jθ and jz: in this way
the equilibrium will be characterized by the pressure profile p(r) and the magnetic
fields profile Bθ(r) and Bz(r) linked in the following differential equation:
∂
[
p(r) + 12B
2(r)
]
∂r
+
B2θ (r)
r
= 0 (4.28)
Two of these three profiles can then be chosen arbitrarily as well as the density
profile since it does not appear in these equilibrium equations. The z-pinch and θ-
pinch configuration in which the confinement of the plasma takes place respectively
through an axial or a poloidal magnetic field are special cases of such diffuse
cylindrical equilibria.
The model of plasma considered here is a so called first model of plasma,
in which the plasma is assumed to be confined inside a rigid, perfect conductive
wall and no magnetic field is considered beyond the radius r = a. In this model,
frequently used for the study of equilibrium, waves and instabilities in confined
plasmas, the following boundary conditions (Eq.4.29)
n ·B = 0 n · v = 0 (4.29)
implies that both the normal magnetic field and the velocity have to vanish at
the wall. Clearly the unit vector ~n means the normal versor to the wall surface.
Instead of the magnetic field profiles Bθ and Bz let us introduce a function that
describes the radial variations of the helicity of the magnetic field. For an infinite
cylinder we define the inverse pitch of the magnetic field lines as in Eq.(4.30)
µ(r) =
Bθ
rBz(r)
(4.30)
and the kinetic pressure contained versus the magnetic pressure on axis:
β(r) =
2p(r)
B20
(4.31)
where with the index "0" we indicate the value at the axis for r = 0. The
diffuse cylindrical equilibrium is then determined by the choice of the functions
p(r) (or β(r)) and Bθ (or equivalently µ(r)). The value of Bz follows from the
solution of the equilibrium equation4.28 and ρ(r) is arbitrary. In the case of a very
low β parameter, when pressure gradients can be neglected, a so called force free
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L
a
B
Figure 4.2: Opened configuration and characteristic parameters describing the
plasma column
magnetic field class of cylindrical equilibria arise. The magnetic filed becomes here
force free at least in the bulk of the plasma. In this condition we have:
j = αB (4.32)
and the function α(r) is free. Using the equation 4.32 and j = ∇×B let us
obtain the relation between α and µ as follows in eq. (4.33) and eq. (4.34)
jθ = −∂Bz
∂r
= αBθjz =
1
r
∂rBθ
∂r
(4.33)
α =
2µ+ ∂µ∂r r
1 + µ2r2
(4.34)
For a constant pitch ∂µ∂r = 0 we can get the following explicit solutions (eq.
4.35)
Bz(r) =
B0
1 + µ2r2
Bθ(r) =
B0µr
1 + µ2r2
(4.35)
For α = const we obtain a family of equilibrium solutions that are in the form
of Eq. (4.36)
Bz(r) = B0J0(αr); Bθ(r) = B0J1(αr) . (4.36)
where the terms J0 and J1 are respectively the zeroth and first order Bessel
functions. These magnetic fields profiles have been proposed as solutions for ex-
perimental magnetic field measurements in the case of the development of Kink
mode instabilities60. In particular the experimental data by the magnetic probes
as been interpolated using the Bessel solutions in Eq. 4.36
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Figure 4.3: Representation of Close-end configuration: anode and cathode are
delimited by a common or two separates surface, closing the circuit
Ro
r
Figure 4.4: Representation of a Tokamak configuration
Figure 4.5: Tokamak relevant dimensions
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Figure 4.6: Definition of safety factor µ for a diffuse linear pinch configuration
4.2.3 Further models, straight tokamak limit
Considering now the case of a straight tokamak, we can introduce a different
parameter used as an equilibrium condition for the stability: the safety factor q.
The tokamak model is different with respect the previous diffuse linear pinch and
with respect a possible model for the thruster in the sense that the new variable q is
defined taking into account the curvature of such toroidal configuration. Recalling
here the same notations for the radius r = a and introducing the inverse aspect
ratio  = aRo  1 a slender torus may be approximated by a cylinder of length
L = 2piR0. The relevant length R0 will be substituted by the characteristic length
L. In the periodic cylinder representation of the tokamak the variable q measures
the pitch of the field line relative to the circumference of the torus, or in our case
the length L. The safety factor q is related to the µ variable as follows:
q(r) =
rBz(r)
R0Bθ(r)
=

µ(r)a
=
1
µR0
(4.37)
and if we consider the length L = 2piR0 we obtain Eq. 4.38
q(r) =
2pi
µL
(4.38)
The relation between µ and q parameter is clarified in Fig.(4.6) while a summary
of the relations involved in the definitions of the plasma column and the tokamak
curvature are showed as well in the Fig. (4.6) (4.7) (4.8). Taking into account
Fig. (4.7) is clear then to assume the diffusive linear pinch as the composition of
the z-pinch and θ-pinch configurations.
4.3 Safety factor and stability conditions
Stability conditions for the plasma column in terms of safety factor q are discussed.
In the case of the thruster we can regard at the plasma inside the acceleration
channel as a column characterized by specific dimensions. If there are evidences
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Figure 4.7: Different confinement configurations
Figure 4.8: Plasma column geometry
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that the radial dimension r of the plasma column is comparable with the cathode
radius58 may be easily identified as the channel radius the length of the plasma
column cannot be considered exactly since as well known the plasma plume extends
well far beyond the exhaust section of the thruster. Therefore in the application
of the Kruskal-Shafranov limit to the present SX3 configuration a range for the
plasma column length L will be assumed, taking into account indications in this
sense provided for instance in Ref.34,36,71 In addition to this the geometry of the
induced magnetic field also changes as one moves away from the outlet.
We can arrange the safety parameter taking into account the dependence of
the azimuthal magnetic field Bθ on the axial current Iz: substituting the relation
Bθ =
µoIz
2pir
and the value for R0, q becomes:
q(r) =
rBz(r)
R0Bθ(r)
=
2pirBz(r)
LBθ
=
4pi2r2Bz(r)
µoLIz(r)
(4.39)
The stability limit for a plasma column of radius a can be demonstrated to
be in the form q(a) = 1 with stability conditions achieved for q(a) > 1. This
represents the so called Kruskal-Safranov condition. According to Ref.60 in the
case one defines an inverse pitch of the magnetic field lines as the ratio between
the axial current and the magnetic flux ψ = BzA one gets:
µ =
µoIz
ψ
=
µoIz
Bz(r)A
=
µoIz(r)
Bzpir2
(4.40)
being A = pir2. Thus, recalling the last term in the relation 4.40 the safety
factor q is equal to the following formulation:
q =
4pi2r2Bz(r)
µoLIz(r)
= 4pi
pir2Bz
µoIz
1
L
=
4pi
µ(r)L
. (4.41)
that in case of stability condition becomes:
q(a) = 1 =
4pi
µ(r)L
⇒ µ = 4pi
L
. (4.42)
As a consequence the value of the maximum current can be defined from the
Eq. 4.41: being the stability condition q > 1 one obtains:
Iz <
4pi2r2Bz
µoL
(4.43)
After the theoretical basis related to the Kruskal-Shafranov limit, presented
within this Chapter, the following step is to identify motivations derived by pre-
vious experimental campaigns, which allow the application of the aforementioned
criterion to the AF-MPDTs case. Major considerations that prompt to the applica-
tion of the Kruskal-Shafranov limit to the analysis and interpretation of instabilities
and critical conditions are summarized as follows:
• the development of critical regimes has been linked to the inception of
magneto-hydrodynamic instability (MHD) extensively studied in the frame
of the fusion research activities.55
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• magnetic topology of AF-MPDT, in particular the presence of an applied
magnetic field, and the presence of a strong axial component of the discharge
current pone this kind of thrusters among screw pinches devices.
• screw pinches devices include z-pinches and straight tokamak configurations:
these ones are subjected to large MHD current driven instabilities once that
a certain threshold in the ratio between axial current and applied magnetic
field is exceeded
• the growth of such kink mode instabilities is believed to be responsible for
the decrease of efficiency at critical regimes.
Regarding the AF-MPDT as a screw pinch device allows to use a modified
version of this instability model in order to get useful infos and predictions about
the stabillity property of the thruster within a range of operational regime. Eq.
4.43 will be used for the computation of the maximum value of the admissible
current in the present SX3 configuration.
CHAPTER 5
Review of previous experimental campaigns
5.1 Introduction and motivation
Since the aim of the Thesis is to consider models and to provide tools for an early
analysis and identification of instabilities and onset related phenomena in the frame
of the next experimental campaign of the SX3, the author believes a brief review
of experimental efforts devoted to the AF-MPDTs a mandatory step, in order to
highlight trends and behaviors that could be spotted within further activities at
the IRS. In particular, the present section will be focused on the analysis of those
experimental campaigns which have provided useful and fresh insights on the onset
and critical regimes, in the case of AF-MPDTs. Experimental campaigns briefly
presented here are related to research efforts performed at the IRS and former DLR
in Stuttgart, at Alta research group (in Pisa), at the Moscow Aircraft Institute and
Research Institute of Applied Mechanics and Electrodynamics (RIAMAE-MAI), and
at the NASA Lewis Research Center. A brief summary of further research groups,
not covered within the aforementioned sources but still relevant, is also provided at
the end of the present section. The main purpose of such a review is from one hand
to provide a support to following activities and on the other side to identify the
presence of common issues which had played a vital role within the design and the
further evolution of such thrusters. An useful representation of thrusters behaviors
at the onset and their distance from critical conditions, presented for instance in
Ref.54, exploits the already mentioned parameters, Ageoo and AAFo defined in Eq.
4.16 and 4.20 respectively. Fig. 5.1 presents the trend of the geometric parameter
Ageoo (black curve): for each AF-MPDT the correspondent value of the Tikhonov
parameter AAFo is computed. Values in the region above the curve are, according
to this criterion, in critical conditions. Thrusters which have been operated in
critical conditions are highlighted with a black arrow. It is pretty easy to note
that, even if the Ageoo curve is able to describe the general scaling dependency of
critical conditions on the anode to cathode radii ratio R¯, several cases exist in the
unstable region above the Ageoo curve even if no occurrence of instabilities has been
detected. Is this the case of the Tohoku University AF-MPDT62, the X1613, and
54
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Figure 5.1: Trends of geometric parameter Ageoo and Tikhonov parameter Ao for
different AF-MPDTs: thruster operated at critical conditions are indicated by an
arrow
partially even the SX3 operated in two different experimental campaign. A brief
review of the first thruster is presented in the last section of this chapter. Since
the X16 shares a common design with the SX3, the object of the present study, a
deeper analysis of the experimental results of this thruster along with the review of
major achievements at the DLR and former DFLR are presented in the following
section.
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5.2 Experimental campaigns at the IRS and former
DLR
5.2.1 Previous research efforts (1964 - 1987)
The study of MPDTs began at the Deutsche Forschungs- und Versuchsanstalt für
Luft- und Raumfahrt (DFLR) in 1964, while the research related to AF-MPDTs in
1966. Among the thruster designed and operated at the DFLR most relevant to
this study are the X9, the X13, X14 and the X16. Proceeding from early to later
design, major achievements obtained within this activity have been the finding of
the advantage of the injection of a consistent part of the mass flow rate in the near
anode region in order to low the measured voltage and to retard the occurrence of
instabilities within the plasma plume.
X9 explored the possibility of operation within current up and above 1000A
with Ar and He as propellant with and without the use of different external
magnet coils13. During this experimental campaign experimental evidences of az-
imuthal currents were also found together with the verification of the influence of
the applied magnetic field on the plasma plume extension. Particle number den-
sities measurements at the cathode center line reported values of ne ≈ 1020m−3.
Analysis of performances achieved showed that thrust generally increases strongly
with I and applied magnetic field Bapp. X13 thruster was operated with the aim
to study the propellant distribution and introduced a mass injection in the near
anode region trough a dedicated circular anode slit. In particular the achievable
thrust was found to be mainly function of the cathode mass fraction, namely m˙k,
while an increase of the anode mass fraction m˙a leads to a considerable reduction
of the anode related losses in terms of a reduction of the overall voltage drop13.
X14 thruster explored mainly the use of alkali metals, in particular Li due to its
lower ionization energies with respect conventional gas propellant. However most
important results was related to the X16, since due to its good performances and
relatively design simplicity this layout has been the starting point for the devel-
opment of later AF-MPDT at the DLR and IRS. In particular the ZT1 and the
SX3, as will be showed within this section, share many features with the X16.
AF-MPDT X16 was operated at low current regimes up to 100 A and high values
of applied magnetic filed up to 0.6 T. The propellant was injected trough an hollow
cathode and a circular slit in the near anode region with a ratio m˙am˙k ≈ 6. The
anode was made of tungsten and the cooling was exclusively by radiation, with the
anode surface operating at temperatures up to 2300 C. The X16 achieved thrust
levels up to 300 mN with voltage ranging between 100÷ 150 V and within power
levels of 7÷ 12kW.
In Fig. 5.2 is presented the effect of the mass flow rate injected in the near
anode region on the measured voltage. Can be seen that a operation with a
doubled value of the anode mass flow rate leads to a decrease of roughly one third
in the overall voltage drop, due to a decrease of the anode voltage fall component
of losses.
In Fig. 5.3 the trend of the specific thrust with respect background pressure
in the vacuum chamber is showed. The specific thrust is defined here as the ratio
between the thrust produced over the current at which the thruster was operated,
namely the ratio TI . From the figure can be seen that an increase of one order
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of magnitude in the vacuum chamber lower admissible background pressure leads
to a related change in this ratio, and consequently, assuming to keep the current
constant, to a decrease of the measured thrust. As a consequence operating a
higher background pressure values leads probably to an underestimation of the
thrust and the overall thrust efficiency η. This trend becomes more effective once
that the thruster is operated at higher values of mass flow rate and current (as
can be seen clearly from the curve related to the X13 thruster in Fig. 5.3).
Fig. 5.4 and Fig. 5.5 represent respectively the current pattern for two different
values of applied magnetic field Bapp and constant mass flow rate for the X9
thruster, operated at m˙ = 100 mg/s and I = 500 A. It’s easy to see that increasing
Bapp leads to an increase of the current fraction flowing outside the thruster, and
that this effect is also affected by the geometry of the applied magnetic field, via
flux lines geometry. In particular in the aforementioned Fig. 5.4 each flux lines is
defined trough relative value of the magnetic flux φo enclosed by the flux line itself.
Analysis and review of effects of the variation of the magnetic field geometry on
the current outflow has been important since had highlighted the need for a deeper
investigation of the magnetic field geometry via a characterization of magnetic field
lines for current and planned SX3 configurations.
Thruster Propellant I/A B/T m˙tot/mg s−1 Ra Rc η/%
X9 Ar/He 500÷1200 0÷0.5 100÷200 20 5 ≤ 0.30
X13 Ar 50÷400 0.1÷0.36 20÷80 30 3 ≤ 0.20
X14 Li 50÷200 0.1÷0.2 5÷10 30 6 -
X16 Ar/Kr/Xe 60÷80 0.6 7÷10 20 3 ≤ 0.40
Table 5.2: Characteristics of AF-MPDTs operated at the DFLR
5.2.2 Ongoing research activity
Recent research activity at the IRS has been focused on the ZT1 an the SX3
designs. Currently an improved version of the 100 kW steady-state Argon-fed AF-
MPDT SX3 is operated. Within this section will be provided a brief review of
previous experimental efforts performed on the ZT1 while experimental activities
related to the SX3 will be considered in more detail and available data will be
further analyzed.
The ZT1 thruster has been designed and operated at the IRS64,65 in order to
investigate the approach already pursued at the DLR with the X16 and related to
the operation at high magnetic flux density and pretty low discharge current. Ad-
ditional goal of the experimental activity was related to the validation of numerical
codes (for instance the SAMSA code21). A schematic of the thruster is showed in
Fig. 5.6. ZT1 main features include a passive radiation cooling, due to its relatively
low power regime up to 6 kW, a ScHC design with a cathode diameter Dc = 6
mm made of 2% Thoriated Tungsten (WT20) and an anode made of Lanthanated
Tungsten (WL10), with an inner diameter Da = 30 mm and a circular slit for the
gas injection in the near anode region. Taking into account these dimensions the
anode to cathode radii radius was R¯ = 5.
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Magnetic coil was able to create an applied magnetic filed up to 0.5 T at the
thruster center line, even if maximum operated values were limited to 0.145 T due
to cooling limitations of the set up in steady state operation. Applied magnetic field
geometry was characterized by the use of a hall probe at predefined coil currents.
The thruster was operated in steady state mode in different experimental session
for an overall runtime of 355s. Different experimental campaigns were aimed two
verify the power scalability of the thruster by increasing the value of the applied
magnetic field, as well as the effect of a variation of the anode to cathode mass flow
ratio, namely the term mkma on the thruster efficiency. With regarding to this aspect
it was confirmed that an increasing of the anode fraction of the mass flow rate leads
to a decrease of the anode voltage and consequently to the overall voltage64. On
the other hand the increase of the cathode mass fraction leads to an enhancement
of the thrust efficiency64. As a consequence a good trade off between these two
trends is the choice of an equipartition of the anode and mass flow rate. An unitary
anode to cathode mass flow rate ratio was maintained therefore even for the SX3.
The SX3 was developed at the IRS in the frame of EU HiPER project and
the ESA AF-MPDT program with Alta as prime contractor for a gas feed AF-
MPDT operated with argon in the 100 kW power range in steady state regime65.
The intention was to further develop two different approaches in the design of
AF-MPDTs: from one side an high current low magnetic flux density configura-
tion as opposed to an high magnetic flux density low current design, the first one
pursued by Alta the latter one by the IRS. Another important difference should
be considered examining results of these two devices: while the design and the
experimental campaign related to the Alta 100 kW AF-MPDT has been performed
taking into account operations in quasi-steady regime, for the SX3 conditions are
in steady-state mode. These two different modalities of operation pone respec-
tively different problems in both design and interpretation of results obtained. For
instance the choice of an ScHC or McHC configuration for the cathode is greatly
affected by the characteristic mode of operation, since as already summarized by
several authors69,68 , current conduction regimes in quasi-steady and steady-state
regime are completely different. If during operation in quasi-steady regime a McHC
assures several advantages and lower density current values, in steady-state mode
ScHCs seems still to represent the best choice. Due to steady-state operation at
projected power levels around 100 kW the SX3 requires an active water cooling.
This features will also allow an early evaluation of the heat losses of the thruster.
A schematic of the SX3 thruster is presented in Fig. 5.8. Anode and cathode are
made respectively of Copper (Cu) and Thoriated Tungsten (WT20), while mate-
rials used for insulation are Boron Nitride (BN), Alumina and PEEK. Even in this
case propellant injection is performed trough the ScHC and a circular slit in the
near anode region. Alternative cathodes can be implemented within the present
design with a maximum cathode dimension Dc = 24 mm. This feature will be
used in the next experimental campaign when the thruster will be operated with
different cathodes. The analysis of stability conditions for these configurations rep-
resents therefore a consistent part of this work and will be presented in chapters 6
and 7. As already mentioned, the SX3 was operated in two different experimental
campaigns in 2012 and 2013. Main difference between these two experimental
efforts has been the implementation of a new applied magnetic field coil in the last
experimental campaign. The two coils are described respectively in Fig. 5.9. The
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first one was developed by that one already used in the ZT1 while the latter one has
a completely new conception. Due to a pretty high divergence of the magnetic flux
lines with the first coil set up, interaction effects have probably occurred affecting
thruster behaviors during operation. Present experimental set up consist of nearly
70 turns and its inner diameter about 325 mm. Coils are also water cooled and
this features allows to operate with coil currents up to 1500 A and magnetic fields
up to 0.3 T. A preliminary characterization of the magnetic field topology has been
performed in static conditions without thruster operation, and is also assisted by a
dedicated FEEM software65. Within this Thesis further characterization of mag-
netic filed topology for the present and future configurations have been performed
and presented in Chapter 7. On the other hand experimental validation of such
characterization must be performed in the near future.
5.2.3 Experimental apparatus
Experimental activities on AF-MPDTs take place at the IRS in a stainless wall water
cooled vacuum chamber with diameter of 2 m and a length of 5 m. Different
pumps operating together provide a total throughput of about 200 000 m3h−1
at 10 Pa tank pressure and a minimum achievable pressure of 0.5 Pa. Vacuum
chamber’s pressure is controlled by a wide range pressure gauge. Anode and
cathode propellant distribution is performed by two flow controllers which can
provide up to 10 mg/s of Argon each. For the cooling purpose high pressure pumps
can provide high pressure cooling water for the thruster and coil assembly. The
chamber wall, heat shield and other equipment are cooled by low pressure cooling
water. Currently 3 separate high pressure water distributors are operating allowing
better adjustment of the cooling for new applied-field coil, anode, and the structure
of SX3 that includes cathode cooling. Measurements of thrust are performed
trough a parallelogram thrust balance which is placed inside the vacuum chamber.
During operation force sensors can perform theoretical measurements accuracy of
12.5 mN. Several drift effects related to the thermal expansion, oscillation due
to high pressure pumps and electromagnetics effects have been also considered
in thrust computation. This feature provides for instance an example of different
problems and approach that operation in steady-state and quasi-steady mode pone.
Finally IRS power facility can provide up to 6 MW with DC current up to 48 kA
at 125 V or up to 6 kV at 1 kA. During experiments with SX3 power distribution
used was up to 1000 A and 1000 V and the coil circuit was limited to 1000 A and
500 V. A representation of the experimental apparatus is provided in Fig. 5.7
5.2.4 Experimental campaigns
In 2012 SX3 was operated 30 times for a total run time of 3600s with current
levels up to 250 A, applied magnetic field up to 0.1 T at the cathode exit section
and power levels below 50 kW. Anode and cathode mass flow rate were both
10 mg/s, for an overall mass flow rate of 20 mg/s. This first coil arrangements
provided an applied magnetic field configuration with a pronounced divergence of
the magnetic flux lines. Within this experimental campaign the thruster achieved
a thrust T = 347 mN, exhaust velocities up to 17.3 Km/s and a maximum thrust
efficiency of 12.2 % at a power level of 24.6 kW and current I = 200 A. At currents
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levels higher than this value a kind of instability in the form a plume oscillations
was spotted with a frequencies up to 3 Hz, depending on values of current and
applied magnetic field. In Fig. 5.11a and in Fig. 5.11 are showed effects of the arc
attachment and the cathode erosion for the same SX3 ScHC at maximum values
of current of I = 225 A and I = 450 A respectively. Overall firing time was in
3600 s for the experimental campaign in 2012 and 355s for experiments in 2013.
In Fig. 5.12 is presented the trend of voltage as function of time from data of the
first experimental campaign in 2012. During the operation time of about 150s is
possible to observe a first part of the signal denoted by oscillations and a more
stable behavior for t > 1550s. The maximum variation in the voltage signal has
been about ∆U ≈ 70 V. Oscillations in voltage signal corresponds to the early
phase in the ignition when oscillation in the plume has been spotted. In Fig. 5.13
is presented the power spectrum analysis of the aforementioned voltage signal.
The relatively low sampling frequency fs used for the signal prevent conclusive
inferences on the nature of the instability found. On the other hand the link
between visual plume oscillations spotted during experiments64 and voltage signal
fluctuations is confirmed by this early analysis. In particular limiting the discussion
to the range of frequencies observable, and two peaks in the PSD graph are visible
between f ≈ 0.12÷0.16 Hz which coincides with observed frequency of the plume
oscillations at lower applied magnetic field values. The mean trend of the PSD
of the voltage present a characteristic form: a decrease mean value of the PSD is
often associated with a so called "pink noise", a noise or signal affected by noise
with a power spectral density in the form:
S(f) ∝ 1
fα
(5.1)
with 1 < f < 2. This kind of dependency has been spotted several times even
in the analysis of thrusters behavior at the onset and used to verify that existence
of particular frequencies in the PSD depends mainly on the nature of noise related
to the measurements itself46. However in this case the analysis has not been
performed over a wide range of frequencies and further investigations with pretty
higher sampling frequencies will be required within the upcoming experimental
campaign. In Fig. 5.14 is presented the trend of the current as function of time
during the overall firing time. Even in this case strong fluctuations of the current
are visible in the early part of the graph for t < 1550s. This fluctuations coincides
with those one visible in the voltage graph and maximum variation in current signal
was about ∆I ≈ 80 A. Therefore both voltage and current variations are above
those ones usually defined as threshold for the onset occurrence, namely a variation
of 10 % in the voltage or current signal.
The experimental campaign in 2013 was performed with the already mentioned
new coil set up with coil current of 350 A, arc power range of 30 ÷ 45 kW and
similar conditions of mass flow rate and background pressure used in the previous
experimental campaign with m˙k = 10 mg/s, m˙a = 10 mg/s and pback ≈ 0.6 Pa.
Arc current range was up to 400 A and the magnetic flux topology provided by
the new coil set up with more slender magnetic flux lines divergence. Therefore
in contrast with the previous experimental campaign the thruster exhibits a stable
operation at higher current regimes even without the improvement of the vacuum
chamber insulation. During the early phase of the thrust ignition visual oscillations
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of the plume were also associated with the transition of the plume shape from a
lance type to a more flared one65. Plasma lance shape of the plume is typical of
thrusters operated with separated mass flow rate and it was also found in X16 and
X13 thrusters. The difference between two plumes is showed in Fig. 5.10a and Fig.
5.10b. A dedicated camera (30 FPS) was used to take images of the plume during
the whole experimental campaign. In particular, the visual plume extensions was
found to range between L = 2.5 ÷ 3 Da, with Da the anode dimension in both
experimental campaigns in 2012 and 2013.
In Fig. 5.15 is showed the trend of the voltage signal as function of time for the
aforementioned operational conditions during the initial phase of operation. This
phase was also characterized by a transition in the plume shape and oscillation in the
voltage signal. From the figure a transition phase of roughly t ≈ 3s can be observed
after the voltage signal remains stable around 100V for constant operated current.
An early analysis of the voltage power spectrum is presented in Fig. 5.16. The
analysis is limited to temporal interval related to the transition phase occurrence.
Even in this case a low sampling frequency affects the estimate, therefore no
conclusion can be derived: peaks in the power spectrum correspond to value of 0.5
Hz, 1 Hz and 2.5 Hz with a general trend that resemble even in this case that one
known as pink noise and defined in Eq. 5.1. For further experimental activities a
much higher sampling frequency (in the MHz order) for the voltage signal would be
required in order to verify the nature of the voltage power spectrum distribution and
to define the nature of instabilities and oscillation in the initial phase of the thruster
firing. From these available data a simple form for the voltage as function of the
current is derived. This data fitting is related to the ∆t during a current increasing
phase and consequently represents the trend of the voltage for increasing values of
power. Fig. 5.18 represent data and the curve fitting with 347s < t < 357s within
thruster operation. As it can be seen the overall voltage exhibits a linear trend
with respect increasing current: this behavior is common in several different AF-
MPDTs and can be found for example in the work of71,25,26. Operational condition
are reported in the figure and the voltage trend can be summarized in the form of
Eq. 5.2:
U = c1I + c2 (5.2)
with fitting constant c1 = 0.22 and c2 = 28. In Fig. 5.18 is showed the trend
of the normalized background pressure with respect time for the whole duration
of the thruster firing time. Pressure values have been normalized with respect the
mean value of the background pressure achieved during the plateau phase before
thruster ignition between 200s < t < 300s. As it can bee seen mass flow rate
injection affects the background pressure in two different way. The first peak in
the aforementioned figure corresponds to the injection of the propellant in the
ignition phase. The effects in terms of the pressure increase is delayed by the
early following functioning of the thruster. After ignition and propellant ionization,
particles are forced to follow magnetic flux lines in their motion until the magnitude
of the applied magnetic field decrease to values that leads to particles to cross the
magnetic flux lines back to the anode. On the other hand propellant injection after
thruster shut down has a much strong effect, even if both are limited to the 10
% of the minimum achievable pressure. Taking into account the recombination
5.2. EXPERIMENTAL CAMPAIGNS AT THE IRS AND FORMER DLR 63
Figure 5.2: Trends of anode and cathode mass flow rate on the voltage - X16
(from Ref.13)
that takes place within few anode diameters within the plume extension, one can
speculate that both the position of the pressure gauge and the the kind of propellant
injection (within ignition or after thruster shut down) play a role in the trend of the
background pressure. This first analysis highlight the importance of background
conditions, especially of the pressure in the vacuum chamber and claims for a deeper
investigation within the next experimental campaign. In particular a feasible way to
assess the impact of the background pressure on the thruster operation and onset
and instability occurrence would be that to operate the SX3 at increasing value of
the pressure, keeping constant all other parameters such as mass flow rate, applied
magnetic field and current.
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Figure 5.3: Effect of the vacuum chamber background pressure on the thrust for
the X13 and X16 AF-MPDTs. (Adaptation from Ref.13)
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Figure 5.4: Effect of the applied magnetic field strength on the current patterns:
current outflow for Bapp = 0.03 T - X9, I = 500 A, m˙ = 100 mg/s (from Ref.13)
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Figure 5.5: Effect of the applied magnetic field strength on the current patterns:
current outflow for Bapp = 0.12 T - X9, I = 500 A, m˙ = 100 mg/s (from Ref.13)
Figure 5.6: AF-MPDT ZT1 thruster schematic (from Ref.65)
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Figure 5.7: Schematic of the experimental apparatus at the IRS. (from Ref.64)
Figure 5.8: Representation of SX3 section - Da = 86 mm, Dc = 12 mm - Current
configuration
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(a) SX3 applied field magnetic coil ar-
rangement: Experimental campaign 2012
(b) New SX3 applied field magnetic
coil arrangement: Experimental cam-
paign 2013
Figure 5.9: The two different magnetic coils used in the SX3 thruster.
(a) Formation of a lance-type plume shape
soon after thruster ignition
(b) Transition to a flared-type plume
shape
Figure 5.10: Different plumes shape during SX3 thruster firing - Experimental
campaign 2013
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(a) Erosion of the SX3 ScHC in the ex-
perimental campaign in 2012 - Max op-
erated current level I = 225 A - Overall
firing time 3600s
(b) Erosion of the SX3 ScHC in the ex-
perimental campaign in 2013 - Max op-
erated current level I = 455 A - Overall
functioning time 355
Figure 5.11: Effect of cathode erosion on the same type of ScHC operated at
different current levels. SX3 AF-MPDT
Figure 5.12: Voltage trend as function of time (overall firing time) SX3 - Exper-
imental campaign 2012
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Figure 5.13: Power Spectrum Estimate of voltage signal SX3 - sampling frequency
fs ≈ 0.3 Hz - Experimental campaign 2012
Figure 5.14: Current trend as function of time (overall firing time) SX3 - Exper-
imental campaign 2012
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Figure 5.15: Voltage trend as function of time (Transition/Instability phase) SX3
- Experimental campaign 2013
Figure 5.16: Power Spectrum Estimate of voltage signal (Transition/Instability
phase) SX3 - sampling frequency fs ≈ 20 Hz - Experimental campaign 2013
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Figure 5.17: Voltage as function of discharge current (Increasing power phase)
SX3 - Experimental campaign 2013
Figure 5.18: Trend of the normalized background pressure during the overall test
time - SX3 - Experimental campaign 2013
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5.3 Research efforts at Alta
5.3.1 Experimental procedures and outcomes
Research activities at Alta in Pisa ranged from SF-MPDTs to AF-MPDTs cover
several decades and continue to this day. Limiting our summary to AF-MPDTs,
along several years, different types were designed and operated with different aims.
Theoretical and experimental efforts at Alta have been aimed from one side to a
characterization of operational parameters and scaling of efficiency as function of
different power levels, from the other hand devoted to an extensive investigation
of the onset occurrence and the role of kink mode instabilities in AF-MPDTs.
In particular, just for convenience, thrusters operated at Alta can be subdivided
in 3 different designs: a first AF-MPDT (denoted here as Type I), described for
instance in Ref.57, the HPT design56, and the Alta 100 kW AF-MPDT described
for instance in Ref.68.
The Type I design consists in a ScHC with a diameter Dc = 20 mm, and
an anode copper ring with a diameter Da = 200 mm. An applied magnetic
field up to 100 mT can be induced by mean of an external magnetic coil. The
thruster is operated in a cylindrical vacuum chamber with a length of 3.5 m and
a radius of 0.6 m with a minimum background pressure during the shot around
pback ≈ 10−2 Pa. A representation of the thruster is presented in Fig. 5.19a. In
particular this AF-MPTD used an insulator plate mounted in the interelectrode
region in order to dump kink mode instabilities and proved to be successfully in
reducing power losses related to this kind of onset occurrence57. Within this
experimental campaign the current was varied in the range of 1.5 ÷ 8 kA, and
an applied magnetic field Bapp from 0 to 100 mT was applied. The propellant
used was Ar at a mass flow rate ranging from 100 to 660 mg/s. The voltage
difference between the anode and the cathode ranged from 30 to 200 V. The
diagnostic system was conceived to perform a complete characterization of both
electrostatic and magnetic behavior of the discharge at the onset. In addition to
usual measurements of the voltage and current signals two sets of magnetic probes
(one azimuthal array and a linear one) were placed in the interelectrodes region
in order to characterize oscillations in different components of the magnetic field
B, Bθ, Bz, Br. Some of the outcomes of the experimental campaign are in the
following summarized. In Fig. 5.21 and Fig. 5.22 is presented the trend of the
voltage difference between anode and cathode averaged over several shots: as it
can be seen a change in the slope of the average trend marks the occurrence of
instabilities. Moreover the change in the slope decrease with increasing values
of applied magnetic field. Critical current is computed for each set of operated
condition trough the already mentioned Eq. 4.24, referred here as the Tikhonov
criterion, neglecting the self-induced contribution. Development of kink mode
instabilities and the onset occurrence are in good agreement with predicted values
of the critical current by mean of Eq. 4.24. As already mentioned the use of
an insulator plate leads to considerable reduction of required voltage to sustain
the discharge, a decrease of the wasted energy of different instabilities mode and
consequently to an improvement of the overall efficiency for this kind of thruster
operated in quasi-steady regime.
The HPT (Hybrid plasma thruster) design represents a peculiar arrangement
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consisting of eight copper straps as anode, equally spaced in the azimuthal coordi-
nate, a flux conserver in the form of a coaxially mounted with respect the thruster
center line surrounds the anode made of aluminium with a diameter Da = 150
mm and 100 mm length. A McHC consists of 19 copper tubes, housed in a holder
tube with an external diameter Dc = 44 mm. Even in this case a PFN provides the
power source, with shots within a duration up to 2.5 ms. The design also includes
a mass injection in the near anode region. A mass flow rate of 660 mg/s was used
with a ratio between anode and cathode mass flow rate mkma ≈ 10. Current ranged
between 1.5÷9 kA and the applied magnetic field between Bapp = 0÷100 mT. The
thruster has been operated in power regimes ranged between 45 kW and 1.6 MW.
In this case the experimental campaign was aimed to achieve a complete character-
ization of the onset behaviors in terms of electrostatic and magnetic fluctuations.
The experimental set up was similar to that one used in the aforementioned cam-
paign and consisted of azimuthal and linear magnetic array of probes, completed
by current and voltage measurements. All magnetic signals were characterized by
a regular oscillation of about 100 kHz which was also spotted in the analysis of
the electrostatic measurements.
As the applied magnetic field is increased, critical conditions appear at lower
current: the modes amplitude (a measure of the amount of energy losses due
to the kink instability) is low only for I < Icrit where with Icrit is defined the
critical current at the onset occurrence as derived trough Eq. 4.20. As can be
easily postulated the mode energy increases with increasing power. In Fig. 5.23
is presented the trend of the voltage as function of the current for different values
of applied magnetic field. The onset occurrence is also in this case marked by a
change in the slope of the voltage trend. Moreover operation at higher magnetic
fields are characterized by less pronounced variation in the slope, an evidence that
as the applied magnetic field strength increases the transition to a critical regime
becomes more gradual. From the figure is also clear that critical currents threshold
(represented as vertical dotted lines) decreases with increasing values of applied
magnetic field.
Finally an extensive experimental campaign was also performed with the Alta
100 kW AF-MPDT68. In Fig. 5.20 a schematic of the thruster is showed. This
thruster was also designed and operated at Alta in the frame of the EU HiPER
project. It is a 100kW, gas fed, AF-MPDT with a McHC and a flared anode. A
quasi-steady operation with pulse duration up to 500 ms was performed with mass
flow rates ranging between 60÷120 mg/s and applied magnetic field from 50÷120
mT. A vacuum chamber pressure in the 0.01 Pa range was achieved. The thruster
was operated with current levels up to 2700 A. In particular experimental conditions
in terms of background pressure and vacuum chamber dimensions were improved
with the aforementioned experimental campaigns. The thruster is characterized
by a cathode diameter Dc = 40 mm and an anode inner diameter of Da =
95 mm. Power peak levels ranged from 25 kW to 170 kW. In particular the
experimental campaign was also aimed to study plasma fluctuations by means
of magnetic probes. The power spectrum analysis highlighted a fluctuations at
about 30 kHz. The effect of the variation of operational parameters on the plasma
fluctuations was also studied: peaks in the power spectra increases as the applied
magnetic field increases. According to Tikhonov theory an increase in mass flow
rate leads to a more stable behaviors even with respect to plasma instabilities. In
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(a) Alta’s Type I AF-MPDT design
with an insulator plate to prevent
kink mode instabilities occurrence
anode straps
ﬂux conserver
cathode
propelant
injection
anode propelant
injection 
applied magnetic
ﬁeld coils
cathode
(b) Alta’s HPT design
Figure 5.19: Different Alta’s AF-MPDTs designs
particular an increase of the mass flow rate implies a decrease in the amplitude of
peaks in the power spectra. Moreover it was found that operation at low mass
flow rates implies the erosion of the cathode external wall. Examples of cathode
erosion are represented in Fig. 5.24a and 5.24b.
5.4 Research efforts at the RIAME-MAI
Experimental efforts at the Moscow Aircraft Institute and Research Institute of
Applied Mechanics and Electrodynamics (RIAME-MAI) cover a frame time of sev-
eral decades and represent one of the most extensive work focused on both SF and
AF-MPDTs. Experimental campaigns were aimed to better understand the physics
of the AF-MPDTs, to characterize thruster efficiency at different power levels and
operational regimes and to study the effect of instabilities and critical regimes on
MPDT and AF-MPDT thrusters. In particular, the extensive experimental cam-
paign led to the formulation of the Tikhonov criterion used in this work to analyze
operational conditions of the SX3 thruster in Chapter 6. The work at MAI was
conducted on three different lithium-fed AF-MPDTs at three different power levels
which are 30 kW, 130 kW and 200 kW. In Fig. 5.25 and 5.26 are presented two
schemes for thrusters operated within the aforementioned campaign respectively
for the 30 kW and 130 kW power levels.
All thrusters have McHC through which the propellant is injected and were
operated at mass flow rate between 50÷250 mg/s and current between 2000÷8000
A. Taking into account results presented for example in53 measurements were
performed with Hall-type magnetic probes (in which a transducer varies its output
voltage in response to a magnetic field). Two characteristics areas of acceleration
were identify, the first one related to the gas dynamic acceleration process, the
second one to the electromagnetic acceleration mechanism. Electron temperature
measurements were also performed and Te was found to range between 4 ÷ 5
eV near the anode surface. Also plasma density was found to be greater at the
thruster center line axis and to decrease as one moves towards the anode. Moreover
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Figure 5.20: Schematic of the Alta 100 kW AF-MPDT. (from Ref.70)
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Figure 5.21: Voltage trend as function of current for Bapp = 10mT - Alta Type
I AF-MPDT (Adaptation from Ref.67)
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Figure 5.22: Voltage trend as function of current for Bapp = 100mT- Alta Type
I AF-MPDT. (from Ref.67)
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Figure 5.23: Voltage trend as function of current for Bapp = 0, 20, 80mT- Alta
HPT Type AF-MPDT. (from Ref.67)
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(a)McHC in Alta AF-MPDT at the begin
of life
(b) McHC in Alta AF-MPDT after 200
shots
Figure 5.24: Effect of erosion on a McHc in Alta’s 100 kW AF-MPDT operated
at the onset (quasi-steady regime)
within this campaign experimental results were combined in order to obtain the
Tikhonov expression for the thrust as showed in Eq. 2.44. Finally, the use of
the Tikhonov criterion as presented here in Eq. 4.20 for the computation of the
maximum value of applied magnetic field (here computed in the form of Eq. 4.24)
is also mentioned. Some results of this experimental campaign related to the
Lithium-fed AF-MPDT aforementioned are presented in Fig. 5.27 and Fig. 5.28.
In the first one is summarized the effect of the mass flow rate and applied magnetic
field variation on the voltage-current characteristics. Trends highlighted here are
a further confirmation of characteristics obtained for example from the analysis
of data with the SX3 (Fig.5.18). In the second figure is showed a number of
experimental data for a mass flow ate of 250 mg/s: quadratic fitting reported is
not far from the original Tikhonov model for the voltage that within operational
parameters considered resembles a weak second order or even linear dependency
of the voltage with respect to the current.
Experiments replicated under a NASA contract with a copy of the 100 kW
LiLFA were performed at the MAI institute also in order to test the reproducibility
of the aforementioned experimental campaign. Two thruster configurations were
considered, the first one with an anode to cathode ratio DaDc = 3 and the second
one with DaDc = 3.2. A review of these results is presented for example in
39.
The thruster was operated at power levels up to 130 kW and current between
1700÷2100 A, mass flow rates of 70÷95 mg/s and with applied magnetic field of
0.09 T. Data report a specific impulse of up to 37.25 Km/s for a discharge current
of 2100 A and a mass flow rate of 81 mg/s. The maximum thrust efficiency was
found to be η = 0.472 with the thruster operated at current of 2100 A, mass flow
rate of 94 mg/s and applied magnetic field of 0.09 T.
In particular, within this experimental effort, was found that increasing the
Bapp above values of 0.1 T does not produce any increment of the specific impulse
or thrust efficiency. However, taking into account what stated to this point and the
characterization of the applied magnetic field presented in Chapter 7, is not difficult
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Figure 5.25: Schematic of the RIAMAE-MAI LiLFA AF-MPDT 30 kW. (Adapta-
tion from Ref.53) All dimensions are in mm
to understand that this last finding is probably due two different aspects. From one
side increasing the applied magnetic field over a certain level for a given geometry
leads to the occurrence of instabilities and so to a decrease of performances, on
the other hand increasing the coils current leads to an increase of the magnetic
flux density and this will affect the plasma conductivity and related behaviors. As
a consequence, the overall efficiency, even if the thruster is operated far from onset
and critical conditions, can decrease due to an increase of the discharge voltage
required, the latter one being directly affected by the increment of the magnetic
flux density. Hence, a variation of the applied magnetic field should be always
related to the characteristic thruster geometry used and considered along with the
characterization of the applied magnetic field for same used configuration. Finally,
within the aforementioned source the voltage model required for the computation
of the thrust and overall efficiency has been presented.39 The copy of the 30
kW LiLFA AF-MPDT was later transferred to the Electric Propulsion and Plasma
Dynamics Laboratory (EPPDyL) at Princeton University (1998) and it was used
for several different experimental campaign, the last one summarized in the work
of Ref.14.
5.5 Experimental activity at NASA Lewis Center (1987-
1994)
The experimental activities at the NASA Lewis Center led by Myers has been
an extensive study of different AF-MPDT configurations aimed to characterize
thruster behaviors, plasma plume properties, cathode erosion processes, scaling
trends, and effects of the background pressure on the thruster performances and
the efficiency.
This experimental campaign is interesting to the topic of this Thesis since
thrusters operated within this experimental campaign presented a steady-state op-
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Figure 5.26: Schematic of the RIAMAE-MAI LilFA AF-MPDT 130 kW. (Adap-
tation from Ref.53) All dimensions are in mm
Figure 5.27: Voltage current characteristics of RIAMAE-MAI Lithium-fed AF-
MPDT. (Adaptation from53)
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Figure 5.28: Experimental voltage-current data of RIAMAE-MAI Lithium-fed
AF-MPDT 130 kW. (Adaptation from Ref.53)
eration mode, with applied magnetic field values comparable to those one used
for the SX3 thruster at the IRS. Results of different experimental campaigns are
presented in several works26,27,29. In Fig. 5.29 is presented a general scheme of
the AF-MPDT operated at the NASA Lewis Research Center. In particular eight
different thruster configurations have been characterized by different anode and
cathode dimensions and different kind of cathodes. Referring to the experimental
apparatus described in26 the minimum achievable background pressure was in the
order 0.07 Pa at argon mass flow rate of 160 mg/s. The power facilities was able
to provide a current up to 3000 A at voltage of 130 V. The applied magnetic field
was provided by a dedicated coil with an internal diameter of 15.3 cm. Within
this summary two different configurations are analyzed in more detail since they
can provide useful indications for the work of the Thesis. Configuration denoted
as "I" was characterized by an anode diameter Da = 38.1 mm, and a ScHC with
an outer cathode diameter Dc = 30 mm and an inner diameter of 10 mm. (see
Fig. 5.30)
The second configuration, called G in the aforementioned work, showed the
same anode diameter and a single rod cathode, with dimension Dc = 6.4 mm.
Both traces of the voltage and current with respect time have been collected
within a δt = 20 ms with a sampling frequency of about 2 kHz. The trend of
voltage with respect to the time at onset conditions (defined by fluctuations of the
voltage signal higher than 10 % of the mean value) are presented in Fig. 5.31.
Operated conditions in this case were Icrit = 750 A, mass flow rate of 100 mg/s
and no applied magnetic field. From the figure is possible to observe that voltage
ripples are in the range of 5 V, lying between 16 and 21 V. Current traces show
oscillations in the range of 600 ÷ 900 A. Low values of the discharge voltage are
imputable from one side to the absence of applied magnetic field, and on the other
side to the geometry of the electrodes, in particular to the extremely low value
of the anode to cathode ratio, being in this configuration DaDc ≈ 1.3 In Fig. 5.33
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is showed the voltage trace for the configuration G. Operated conditions is this
case were similar to the previous graph, with a discharge current in critical regime
Icrit = 750 A, mass flow rate of 100 mg/s but in this case with the presence of an
applied magnetic field Bapp = 0.182T. As can be easily observed in this case values
of voltage range between 105 ÷ 140 V. From this can be deduced that tha main
impact of the presence of the applied magnetic field is the increase of the mean
value of the voltage fluctuations. On the other hand, from Fig. 5.33 seems that
fluctuations in the current signal are still comparable in strength and frequency with
those occurred with no applied magnetic field. Oscillations in the current signal
range between 650÷850 A. For some configurations a preliminary characterization
of the applied magnetic field was also performed. In particular with a current of
1400 A the applied magnetic field value ranged from the max value of 0.182 T at
the exhaust section to a value of 0.07 T at an axial distance of 0.1 m. Further
findings of the experimental campaigns were also related to the particle number
density distribution and the effect of the applied magnetic increase. As in previous
works it was found that the well known Gaussian distribution of the electron density
presents a sharper peak as the applied magnetic field strength is increased. Values
of the electron densities were found to range between ne = 1017÷ 1019 within the
aforementioned configuration I, mass flow rate of 150 mg/s, applied magnetic field
of 0.1 T, and discharge current of 1000 A. The presence of an applied magnetic field
in the order of 10−1 T also implies that peaks in the electron density distribution
tend to persist along the axial coordinate much more than with no or low values of
applied magnetic field. Hence the magnetic field plays a major role in the definition
of the plume: an extended presence of peak in the electron distribution along the
axial axis has clearly a strong effect on the overall voltage. Measurements of the
electron temperature were also performed: it was found to be higher at the near
a node surface region and to gradually decrease to lower values at the thruster
center line. For the same geometry I values ranged between 0.7 ÷ 3 eV from the
cathode center line to the anode region.
5.6 Others Research Groups
Among the amount of researches devoted to AF-MPDTs and the study of the onset
and instabilities within this section is summarized the work of Tobari62 and the
recent one of Moeller33.
5.6.1 Research at the Tohoku University, Sendai - Japan (2007)
The Tohoku University AF-MPDT operated by Tobari and al. present peculiar
operational condition: this thruster has been specifically operated with the aim
to give a theoretical formulation and to find experimental evidences of the accel-
eration mechanism in AF-MPDTs in particular, in relation to the conversion of
the radial and azimuthal motion of the exhausted plasma into useful axial thrust
trough a slightly divergent applied magnetic field. Among experimental findings
the first evidence of all Lorentz force components (radial, azimuthal, and axial)
ever measured together is probably the most notable. Another important findings
of this experimental efforts, relevant for the purpose of this thesis, has been the
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Figure 5.29: General configuration of the Nasa Lewis AF-MPDT with a ScHc -
(from Ref.27)
corroboration of the role played by the applied magnetic field geometry in the thrust
production and his effect on the plasma plume characteristics. Hence, even if the
experimental research performed at the Tohoku University has been not primarily
focused on the instabilities, major outcomes are still useful to us, highlighting how
a proper design of the applied field geometry is crucial for the improvement of
thruster performances and consequently the efficiency. From these considerations
appear also clear how the magnetic field topology will affect plasma characteristics
and in the end the occurrence of instabilities and onset related phenomena. The
AF-MPDT operated by Tobari et al. uses He as propellant and it is operated in
quasy-steady regime with discharges of 1 ms by mean of a pulse-forming-network
(PFN) power supply. Discharge current up to 7.2 kA was used and controlled
varying the charging voltage of the capacitor bank. Mass flow rate up to 0.2 gr/s
have been used. Even taking into account the Kruskal-Shafranov formulation in
Eq. 4.43 for the computation of the maximum value of the current that can be
conducted within the plasma column, considering operational parameter reported
in Tab. 5.1 the thrusters results operated above critical conditions. However it
is worth to notice that in this case two are main differences that place the To-
hoku University AF-MPDT out of previous considered assumptions: the value of
the discharge current is considerably higher than similar AF-MPTDs and is closer
to values normally used in SF-MPDTs. All others AF-MPDTs considered in the
present analysis present discharge currents up to I = 2000÷ 2500 A. The reason
for the application of such high discharge currents is related to the very high value
of mass flow rate adopted with respect to others AF-MPDTs. Considering the ra-
tio between the axial magnetic field and the mass flow rate, namely the term Bzm˙ ,
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Figure 5.30: General arrangement of the ScHc for the Configuration I - (from
Ref.27)
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Figure 5.31: Voltage fluctuations at the onset for NASA Lewis AF-MPDT -
Configuration I, ScHC - m˙ = 100 gr/s, Icrit = 750 A, Bapp = 0 T (Da = 38.1
mm, Dc = 30 mm)
Figure 5.32: Voltage fluctuations at the onset for NASA Lewis AF-MPDT -
Configuration G - m˙ = 100 gr/s, Icrit = 750 A, Bapp = 0.182 T (Da = 38.1 mm,
Dc = 6.4 mm)
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Figure 5.33: Current fluctuations at the onset for NASA Lewis AF-MPDT -
Configuration G - m˙ = 100 gr/s, Icrit = 750 A, Bapp = 0.182 T (Da = 38.1 mm,
Dc = 6.4 mm)
as a relevant indication of the current outflow and the plasma column length in
AF-MPDTs34 allows to compare the two thrusters. Within operation parameters
reported in Tab. 5.1 one gets:
Bz
m˙
∣∣∣∣
SX3
≈ 5.74 Bz
m˙
∣∣∣∣
Tohoku
(5.3)
The present work has been relevant since it was showed that the topology of
the applied magnetic field plays a major role in the thrust generation and in the
characteristic of the voltage and related plasma parameters. Since the considerable
difference between the value of the ratio between the applied magnetic and mass
flow rate for the SX3 and the AF-MPDT model operated at the Tohuku University
is presumable that effects of the variation of the applied magnetic field on the
thruster behaviors will be more intense for the thruster operated at the IRS. More-
over the extension of the plume, described by the aforementioned ratio, will be in
proportion higher for the SX3 case. Hence, as already mentioned, effects of the
vacuum chamber interaction in the case of the SX3 should be further investigated
in the next experimental campaign.
5.6.2 Experimental research at the Jet Propulsion Laboratory -
California Institute of Technology (2013)
The experimental research performed in 2013 at the Jet Propulsion Laboratory,
conducted by R. C. Moeller and J. E. Polk33 has been related to study the effect
of the application of a localized applied magnetic field in the near anode region
to prevent or delay onset occurrence. The "Odysseus" thruster is characterized
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by large dimensions if compared with similar thrusters. It consists of a McHC
with a outer diameter Dc = 10.2 cm and flared anode with maximum diameter
Da = 31.8 cm. The minimum anode diameter was 19.7 cm. A scheme of the
thruster is presented in Fig. 5.34. The thruster was operated in quasi-steady mode
with power levels between 36 kW and 3.3 MW and mass flow rate up to 1 g/s.
Two pulse forming network provided a current pulse of 1−2 ms at aforementioned
power levels. Two coils devoted to the generation of the applied magnetic field
are also presented in Fig. 5.34: they can provide an applied magnetic field up to
0.02 T in the near anode region and 0.004 T at the cathode tip. Those values are
considerable lower with respect values used in previous experimental campaigns in
particular taking into account mass flow rate levels used. However, once under-
stood the difference between operated regimes for the Odysseus thruster and the
SX3, obtained results can be still interesting to the work of this Thesis. Major
findings of Moeller were related to a decrease of the energy content in voltage
signals for two different applied magnetic field configurations used33. In the first
configuration called tangential two magnetic coils are used with the same polar-
ity to generate an applied magnetic field mainly tangential to the anode surface.
Radial components of the field are, within this configuration, limited to the exit
anode section and to the initial section in correspondence to the cathode tip. The
second configuration is basically a cusp applied field with two magnets operated
with opposite polarities. This arrangement assures a strong radial component of
the applied magnetic field along the flared anode surface. For both configurations a
reduction of the anode fall voltage was observed with operated current up to 9 kA.
Within these current regimes according to Eq. 3.7, considering the criterion that
prescribe critical current for operated current I > 2Iion being Iion the ionization
current for the given propellant the Odysseus thruster is above critical conditions.
Voltage characteristics for the case with no applied magnetic field have been al-
ready analyzed and briefly summarized in Fig. 3.2 as example of typical voltage
behaviors at the onset. In the case of applied magnetic field Moeller experienced
a reduction of the anode voltage fall and in the energy content of the voltage fluc-
tuations. The reduction of the amplitude and frequency of the anode fall voltage
was found to reach a maximum value of 49% at given operated condition and
discharge current of 9 kA, and the mean terminal voltage to be about 30 % lower
when the thruster was operated with applied magnetic coils.
5.7 Summary of findings relevant to the present work
Finally, in this brief summary are described and clarified aspects of aforementioned
experimental campaigns that the author finds relevant for further activities of the
Thesis. The review of those experimental campaigns has been useful to identify
general trends related to the thruster behaviors and to validate some of the as-
sumptions made for the analysis of critical conditions of the SX3 in its present and
future configurations. The analysis of experimental activities and relevant out-
comes at the IRS and former DFLR has been a mandatory step since the SX3 and
others AF-MPDTs previously operated at the IRS share the same design. Relevant
information related to different aspects of the thruster operation are summarized
as follows:
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Figure 5.34: General configuration of the Odysseus thruster operated at JPL in
2013 (from Ref.33)
• within operational parameters related to the already mentioned high mag-
netic flux-low current mode of operation, used at the IRS for different kind
of AF-MPDTs, the discharge current has been found to attach mainly in the
cathode tip region, and this characteristic increase with the increase of the
applied magnetic field. As a consequence seems to be acceptable to define
the cathode tip surface as minimum current attachment area.
• the structure of the plasma plume in the SX3 has been observed via images
detection and some relevant parameters such as plasma column lengths,
shape of the plume in relation with the occurrence of instabilities can be
inferred
• the influence of the operational parameters on the SX3 thruster behaviors at
the onset have been spotted both via images detection and trough collected
data related to the voltage and discharge current. The influence of the
magnetic field strength and topology (for similar mass flow rate and operated
current) is believed to play the major role in the thruster behavior at the
onset, and consequently to strongly affect thruster performances (efficiency
and thrust)
• the analysis of available data from described SX3 experimental campaigns
provided further insights on the characteristic behaviors of the thruster at
the onset, and allowed to define further requirements for a more detailed
analysis of instabilities in the frame of the next experimental campaign. In
particular seems to be strongly advisable to greatly increase the data sampling
frequency (up to MHz order) in order to compare characteristics at the onset
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with outcomes of different thrusters operated in similar conditions (a good
comparison in this sense could be against the AF-MPDT operated at the
NASA Lewis Center71 and described in a dedicated Section of the present
Chapter)
The review of experimental efforts performed at Alta has been a mandatory
activity as it has provided detailed examples, practical and theoretical justifications
for the application of the Tikhonov criterion and Kruskal-Shafranov limit to the
study of instabilities in AF-MPDTs. In particular, some of findings which were
found to be useful for the study of SX3 instabilities are summarized as follows:
• kink mode instabilities have been observed in several exp campaigns at Alta.
This kind of external mode instabilities are considered as the principal cause
of the occurrence of critical regimes and onset behaviors in the AF-MPDTs
• instability mode is regarded as a m/n = 1 helical kink mode
• modes m = 0 and m = 1 are modes believed to be cause lower efficiency
operations above the critical regimes.
• the energy of modes is almost negligible if I < Icrit, where with Icrit is
intended the value of current that correspond to the instabilities occurrence.
Moreover, modes energy increases as the current-voltage characteristic of
the discharge becomes critical
• the axial plasma wavelength represents the characteristic length of the kink,
and has been verified to be comparable with the length of thruster plume L
• a direct correlation between energy modes of the kink and operational pa-
rameters has been investigated, specifically w.r.t. discharge current I and
applied magnetic field Bapp
• a correlation between the energy modes and the critical current threshold
computed using the Tikhonov criterion has been identified: especially energy
modes strongly increases as the thruster is operated above the critical current
Icrit defined with the Tikhonov criterion. Eq. 4.20.
The brief analysis of experimental findings at RIAMAE-MAI only covered a
little part of the huge amount of efforts devoted to AF-MPDTs. However, several
information were found to be relevant to the present work. In particular, in relation
to results reported in39 some considerations related to the applied magnetic field
geometry can be derived, providing further evidences about the importance of a
more detailed characterization of the applied magnetic field. Within the aforemen-
tioned campaign it was found that from one side increasing the applied magnetic
field over a certain level for a given geometry leads to the occurrence of instabilities
and consequently, to a decrease of performances. On the other hand the increase
of the magnetic coil current leads to an increase of the magnetic flux density. As a
consequence, the overall efficiency, even if the thruster is operated far from onset
and critical conditions can decrease due to an increase of the discharge voltage
required. Then, the variation of the applied magnetic field by mean of a variation
5.7. SUMMARY OF FINDINGS RELEVANT TO THE PRESENT WORK 89
in the coil current or a change in the coil geometry should be always related to
the characteristic thruster geometry used and to the characterization of the ap-
plied magnetic field for the currently operated configuration. The strong relation
between applied magnetic field geometry and instabilities and onset occurrence
seems to play an even more important role in the SX3 case, due to the higher ratio
between applied magnetic field and mass flow rate, namely the term Bappm˙ , with
respect Lithium AF-MPDTs operated at the RIAMAE-MAI. This also prompt the
need for a more detailed description of the applied magnetic field in the case of
the SX3.
In regarding to the experimental effort of Moeller33 as already mentioned even if
the Odysseus thruster was operated within conditions far away from those used and
planned for the SX3, the general meaning of that work prompts a further way to
investigate the thruster behaviors at the onset in the SX3 case. As will be shown in
more detail in Chapter 7, the definition of parameters in order to describe the ap-
plied magnetic field geometry implies the possibility of a more detailed study of the
effect of the applied field geometry in the near anode region on the thruster volt-
age and efficiency. The SX3 configuration analyzed in Chapter 7 already present
a slightly radial component of the applied magnetic field with respect the anode
surface, since this surface forms an angle of about 7 degrees with respect the ax-
ial coordinate. Different values of the magnet coil current could be then used in
further experimental campaigns with the SX3 in order to asses the feasibility of a
reduction of the voltage by mean of an increase in the radial component of the
applied magnetic field with respect the anode surface only.
CHAPTER 6
Analysis of SX3 configurations
6.1 Introduction
This chapter is focused on the analysis of admissible regions of operability for the
current and possible future configurations of the SX3. With this definition is in-
tended to describe the space of parameters such as mass flow rate m˙, discharge
current I, applied magnetic field Bapp within which the thruster can operate effi-
ciently with no occurrence of instabilities. As already seen in the previous chapter,
the Tikhonov criterion does not take into account the geometry of the applied
magnetic field, but only its magnitude, being the value of the parameter Bapp
referred to the cathode tip (point C in Fig. 7.2). As pointed out in the analysis
of the experimental activity performed at the IRS with the SX3, is clear that, the
influence of the applied magnetic field can not be neglected. Let us focus on the
analysis of AF-MPDTs characterized by relatively low current regimes and a con-
sistent injection part of the mass flow rate in the near anode region. In this case,
for a given geometric configuration, kept constant all others parameters, increas-
ing the divergence of the magnetic flux lines leads to an increase of the voltage
and in general enables the development of instabilities in the form of voltage and
plume fluctuations at lower current regimes than in configurations whose present
more slender magnetic field configurations65. The definition of a parameter space
suitable for the thruster operation will be therefore delimited not only taking into
account indications from the Tikhonov criterion but even considering the charac-
terization of the applied magnetic field, that will be presented in the next chapter.
In the following section the trend of the admissible current Ic and applied magnetic
field Bapp with respect mass flow rate m˙ are investigated. The outcome is the
definition trough a graphic representation (see for instance Fig.6.10) of areas of
the parametric space in which the thruster can be theoretically operated with no
occurrence of instabilities. A brief description of the six different analyzed configu-
rations is also provided in the following section. The geometric scaling of thrusters,
in the form of the ratio between anode and cathode radii R¯ will not only affect the
maximum value of the admissible current (critical current) but even the thruster
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performances, in particular thrust, and efficiency.71,34,63. Even if the optimization
of operated parameters in order to improve the overall efficiency represents an in-
teresting further step this is not however directly related to the focus of this Thesis
and will be not further considered within this work.
6.2 Present and future configurations
Different configurations considered in the analysis of critical conditions are showed
in schemes from Fig. 6.2 to Fig. 6.7. Their design represents an ongoing activity
at the IRS, in order to highlight scaling relations for AF-MPDTs characterized by
the same design approach. As already seen in the section dedicated to experi-
mental efforts conducted at the IRS in fact, this kind of thrusters represents a
pretty peculiar design: distinctive characteristics are the high value of the anode
to cathode mass flow rate injection, namely the ratio m˙km˙a and the high value of
anode to cathode radii ratio R¯. In order to investigate behaviors of thrusters within
operation at applied magnetic field up to 0.2÷0.3T and to develop scaling relation
for the thrust and efficiency over a wide range of currents a preliminary task is to
verify theoretic limits of operation.
Planned configurations include two different anode radii and three cathodes.
In Tab. 6.1 electrodes geometries dimensions as well as the anode to cathode
radius ratio for each configuration is summarized. The usage of different cathode
geometries is relatively easy since the SX3 has been specifically designed for a
quick substitution of ScHCs with different dimensions. On the other hand, the use
of a different anode, characterized by a smaller radius, represents a challenging
task, since the design and the implementation of such a device implies the design,
the modification and the validation of a new water cooling arrangement able to
dissipate the amount of power deposition on the anode. Taking into account all
possible configurations the anode to cathode radius R¯ ranges between 7.167 in
the present configuration to 2.534 for the configuration with Da = 60.811. This
very large difference will permit to explore scaling trends of thruster performances
with R¯ and to study thruster behavior at the onset for a wide range of cases.
Especially, according to what already stated in Chapter 4 and 5, being constant
the mass flow rate, and the applied magnetic field, configurations characterized by
a smaller anode to cathode radius ratio will permit operation at higher currents.
In the same manner, maintaining constant the mass flow rate and current levels,
configurations with larger R¯ will permit operation with higher values of applied
magnetic field. If, from one side, seems to be advisable to operate with thruster
configurations characterized by a smaller anode to cathode ratio in order to pre-
vent the onset occurrence, on the other hand one should consider that, according
Anode diameter - Da/mm Dc = 12 mm Dc = 16.971 mm Dc = 24 mm
86 7.167 5.067 3.583
60.811 5.067 3.583 2.534
Table 6.1: Anode to cathode ratio R¯ for different geometries. (Da= anode
diameter, Dc = cathode diameter)
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to several theoretic and experimental findings37,53,38,54 the thrust was found di-
rectly related to the anode radius dimension, so from this point of view seems
to be advisable to increase the anode radius. Among the objectives of the next
experimental campaign in fact, and more generally within the characterization of
different SX3 configurations, the verification of instability limits and onset param-
eters will be conducted together with the characterization of thruster efficiency.
These two duties represent therefore two complementary activities. As already
mentioned, a widely known limitation in the thruster operation is due to the ero-
sion of electrodes, and in particular the cathode degradation, in presence of the
onset or once a certain value of current density has been exceeded. Considering a
discharge currents between 225 ÷ 750 A, and assuming the hypothesis of an arc
attachment at the cathode tip surface Tab. 6.2 shows currents densities computed
for different planned SX3 configurations. Just for a comparison, typical values of
current density reported in literature62,68,34,27 within different experimental cam-
paigns range between 2 × 105 ÷ 1.3 × 107 A/m2. In particular, the lower limit
derives from the prescribed value of maximum current density from Tikhonov et
al. to assure an erosion-free operation of a McHC.53. As can be seen, current
densities at the cathode range between 6.6× 105 ÷ 8.84× 106 A/m2 for different
radii while anode current densities are roughly one order of magnitude lower, be-
tween 3.8 × 104 ÷ 4.06 × 104 A/m2. As widely known, the most critic area is in
proximity of the cathode tip where current densities are higher. However, the value
of the arc current attachment is larger than the section area of the cathode tip.
In fact, as already pointed out in Chapter 5, Fig. 5.11a and 5.11 present partial
evidences of a potential arc attachment even in the lateral surface of the cathode
especially when the thruster is operated at current levels higher than 400 A. Then,
an effective area of attachment can be assumed such that:
Aeff > Ac (6.1)
being Ac = pi(R2out − R2inn), and Rout and Rin respectively the outer and inner
cathode radii. This means that probably current densities values here are overesti-
mated. However, taking into account a limitation imposed by the current density
at the cathode, the SX3 present configuration (Da = 86 mm, Dc = 12 mm) shows
current densities one order of magnitude higher than the aforementioned limit. As
already mentioned, operation with McHC and ScHC are very different. A good
review of experimental investigations related to he cathode erosion processes in
steady-state mode and with a ScHC configuration can be found for instance in
Ref.28. Considering in the aforementioned work the Configuration I, that presents
similar characteristics with respect to the SX3 with a WT 20 ScHC and a copper
anode, some considerations can be made. This configuration was operated at cur-
rent levels between 750 and 1400 A. Dimensions of the ScHC were Doutc = 15 mm
and Dinc = 10 mm for the outer and inner cathode diameter respectively. Since
in this thruster both the geometry and operated conditions imply a not negligible
radial component in the current density, (see for instance Fig. 5.29) a current
attachment in the lateral surface can be assumed. From the analysis of cathode
erosion processes an equivalent lateral surface can be probably defined between 1/2
and 1/3 of the cathode length, the latter one being Lc = 60 mm. Consequently,
an effective area of attachment can be considered as the sum of the cathode tip
surface and part of the lateral cathode surface. Considering current levels of 750,
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1000, and 1400 A Tab. 6.3 shows different values of current density at the cath-
ode surface assuming both only axial or radial current attachment. Taking into
account, the current attachment in the only cathode tip surface current densities
range between 7.6 × 106 ÷ 1.4 × 107 A/m2 while assuming part of the lateral
surface of the cathode to be able to collect a fraction of the arc leads to current
densities between 4.9×105÷9.3×105 A/m2. Taking into account these values of
current densities within different experimental campaigns at Nasa Lewis Center28
it was reported an erosion rate between 0.038÷ 0.57 µg/C for a rod type cathode
of WT20, and of 0.03 µg/C in the case of the aforementioned configuration with
a ScHC. The erosion rate is defined as:
g =
G
I
(6.2)
where G is the mass rate of erosion defined as mass unit over time. As a conse-
quence, g is usually expressed in unit of mass (for instance µg) over unit of charge
(C). These values can represent a good starting point to evaluate erosion rate in
the SX3. Due to the lower currents used and the different kind of geometry can
be assumed that the SX3 experienced and will experience lower rate of erosion.
In regarding to the erosion of the anode in the same aforementioned experimental
campaigns of Myers et al.28 a surface erosion rate of 1mm/hr in the final part of
the copper anode was measured, with a discharge current of 1400 A and a mass
flow rate of 140 mg/s. The thruster was operated in this conditions for more than
30 hours till the degradation of the anode caused a leakage in the water-cooled
anode arrangement. Even in this regard, the operation at lower current levels (up
to 750 ÷ 800 A) and within a limited time frame (up to 1 hr) that represent the
near term goal procedure at the IRS with the SX3, should assure a safety operation
with low or no degradation of the anode. However if long time tests will become
available or convenient at the IRS the anode erosion should be further considered
as a limiting and potentially dangerous factor.
6.3 Admissible regions of operability with Tikhonov
criterion
The space of parameters suitable for the operation of the thruster is analyzed by
mean of the Eq. 4.24 for six different configurations. Boundary conditions and
Dc [mm] jc[A/m2](I = 225 A) jc[A/m2](I = 450 A) jc[A/m2](I = 750 A)
12 2.65258×106 5.30516×106 8.84194×106
16.971 1.32622×106 2.65245×106 4.42074×106
24 6.63146×105 1.32629×106 2.21049×106
Da [mm] ja[A/m2](I = 225 A) ja[A/m2](I = 450 A) ja[A/m2](I = 750 A)
86 3.84432×104 7.68864×104 1.28144×105
60.811 4.06146×104 8.12293×104 1.35382×105
Table 6.2: Expected current densities at cathode and anode surfaces for each
configuration and different discharge currents. SX3
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hypothesis of the analysis, already highlighted in the chapter focused on the theory
of the Tikhonov criterion, are briefly recalled here as follows:
• electron temperature is assumed to be Te ≈ 2 eV
• applied magnetic field Bapp is considered in his magnitude at the cathode
tip
• self-field magnetic field Bself is computed considering a radius r close to the
dimension of the cathode, namely Rc
In order to better support the first assumption related to the value of electron
temperature Fig. (6.1) shows the effect of an uncertain of this parameter on the
critical current computed trough Eq. 4.24. The temperature affects the value
of the ion sound velocity, as already defined in Eq. 4.17b, and consequently the
critical current. From the figure can be observed that the same ∆Te considered
for different values of mass flow rate leads to different values of ∆Ic, where with
Ic is denoted as usually the value of critical current (also admissible current) in
correspondence of the instability occurrence. For a mass flow rate m˙ = 20 mg/s an
uncertain of 1 eV in the electron temperature leads to an uncertain of about 25 A in
the admissible current while at mass flow rates of 50 mg/s this uncertain is roughly
doubled, being I ≈ 50 A. The electron temperature has been assumed at 2 eV
since no measurements for the SX3 or the ZT1 were available: this value represents
a relatively accepted standard as has been used in several reviews of performances
of AF-MPDTs for instance in the work of Ref.34 when direct measurements were
not found.
Results of the computation of stability regions for all configurations are pre-
sented in figures from Fig.6.8 to Fig. 6.16. The currently operated configuration,
characterized by an anode diameter Da = 86 mm and a cathode of Dc = 12 mm
is analyzed in Fig. 6.10. The thruster was operated at current levels up to 225
A in the first experimental campaign (denoted with bright gray markers in Fig.
6.10) and up to 445 A during experimental campaign in 2013 (dark gray markers
in Fig. 6.10). In both experiments the mass flow rate adopted was m˙ = 20 mg/s
of Ar. Following the parametric curve for this value of mass flow rate can be seen
that markers at all current levels are located on the right side of the curve: this
means that the Tikhonov criterion underestimates in somehow the critical current
(or maximum value of admissible current). In other words, following the curve for
m˙ = 20 mg/s with an applied magnetic field Bapp = 0.1 T, and the given anode
to cathode ratio for the present configuration the Tikhonov criterion prescribes a
Dc [mm] jc[A/m2](I= 750A) jc[A/m2](I= 1000A) jc[A/m2](I= 1400A)
15 7.63944×106 1.01859×107 1.42603×107
Aeff [mm] jc[A/m2](I= 750A) ja[A/m2](I= 1000A) ja[A/m2](I= 1400A)
1.41372×10−3 4.96067×105 6.61423×105 9.25992×105
Table 6.3: Expected current densities at cathode surfaces for different discharge
currents (axial current attachment and partial lateral attachment) for the Nasa
Lewis AF-MPDT 100 kW with a ScHC configuration
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Figure 6.1: Effect of temperature variation on admissible current (critical current)
- SX3 (Da = 86 mm, Dc = 12 mm) - Currently operated configuration
maximum admissible current slightly higher than 100 A. The difference between
Tikhonov predictions and operated conditions related to experimental campaigns
in 2013 increses: in this case the thruster was operated at current levels up to
450 A. On the other hand, as already stated in more details in a dedicated Section
5.2.2, evidences of instabilities in both experimental campaigns were spotted in the
preliminary phase of thruster ignition as well as the current was raised above 200 A
in the first experimental campaign. In the second experimental campaign in 2013
an initial phase characterized by instabilities and fluctuations in both voltage and
current signal was also found to be present. The voltage and current signals for
both experimental campaigns are showed in Fig. 5.12, Fig. 5.14 and Fig. 5.15. A
review of different factors that can be indicated to affect the thruster operation and
that are not considered within the Tikhonov criterion are also analyzed in detail in
6.5.
Here is only mentioned that the currently operated configuration is character-
ized by two features that are not covered by the Tikhonov criterion: in particular,
the fraction of anode mass flow rate injected and the geometry of the applied
magnetic field. Moreover, the value of the anode to cathode radii ratio is pretty
high if compared with thrusters operated at RIAMAE-MAI for the definition of
the Tikhonov criterion. With these clarifications in mind, the author believes that
the use of this criterion can still provide a lower safety limit for thruster operation
even for further configurations analyzed. In fact, planned configurations will be
all characterized by a lower anode to cathode radii ratio, (Tab. 6.1): this also
prompts the idea that the ability of the Tikhonov criterion to predict the instability
occurrence will improve for these configurations.
In Fig. 6.12, 6.15 the analysis of admissible regions of operation for the config-
uration characterized by an anode diameter Da = 60.811 mm and two alternative
cathode dimensions of 16.971mm and 24mm is presented. This anode dimension
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Figure 6.2: Representation of SX3 configurations - Section Da = 86 mm, Dc =
12 mm - Current configuration
represent an intermediate solution between Da = 43 mm (half of the current anode
configuration and considered theoretically as lower limit in the anode dimension
for the SX3 operated at power levels in 100 kW range) and the current dimension
Da = 86 mm. As can be seen for operate conditions similar to those related to
experimental campaigns with the present configuration of the SX3 (Bapp = 0.1 T,
m˙ = 20 mg/s) admissible currents in 400 A and 600 A range are provided. Both
aforementioned operative points, assuming a voltage trend obtained extending the
experimental one reported in Eq. 5.2 correspond approximately to power levels of
50 kW and 90 kW respectively.
6.4 Admissible current with Kruskal-Shafranov limit
6.4.1 Model description and assumptions
Within this section the analysis of operated conditions for the SX3 by mean of the
Kruskal-Shafranov limit are presented.
In order to make the Kruskal-Shafranov formulation suitable for the current
SX3 case some assumptions have to be made. In Fig. 6.17 different parameters
involved in the model are showed: with Bθ is indicated the self-induced magnetic
field, a function of the driven current as described in Eq. 2.22. The term Iz
represents the discharge current and Rc and Ra are respectively the anode and
cathode radii. Bz is the applied magnetic field generated by the dedicated set of
coils while with r and L are defined respectively the radius radii and the plasma
column length. Basic assumptions of the model are summarized below:
• applied magnetic field Bz is considered to be constant along the radial axis
r and equal to the currently operated value at the anode tip, namely Bapp =
Bz ≈ 0.1T
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Figure 6.3: Representation of SX3 configurations - Section Da = 86 mm, Dc =
16.971 mm
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Figure 6.4: Representation of SX3 configurations - Section Da = 86 mm, Dc =
24 mm
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Figure 6.5: Representation of SX3 configurations - Section Da = 60.811 mm,
Dc = 12 mm
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Figure 6.6: Representation of SX3 configurations - Section Da = 60.811 mm,
Dc = 16.971 mm
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Figure 6.7: Representation of SX3 configurations - Section Da = 60.811 mm,
Dc = 24 mm
Figure 6.8: Applied field as a function of current at critical conditions for SX3:
(Da = 43 and Dc = 12 mm)
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Figure 6.9: Applied field as a function of current at critical conditions for SX3:
(Da = 60.81 mm and Dc = 12 mm)
Figure 6.10: Applied field as a function of current at critical conditions for current
SX3 configuration: (Da = 86 mm and Dc = 12 mm)
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Figure 6.11: Applied field as a function of current at critical conditions for SX3:
(Da = 43 mm and Dc = 16.971 mm)
Figure 6.12: Applied field as a function of current at critical conditions for SX3:
(Da = 60.81 mm and Dc = 16.971 mm)
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Figure 6.13: Applied field as a function of current at critical conditions for SX3:
(Da = 86 mm and Dc = 16.971 mm)
Figure 6.14: Applied field as a function of current at critical conditions for SX3:
(Da = 43 mm and Dc = 24 mm)
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Figure 6.15: Applied field as a function of current at critical conditions for SX3:
(Da = 60.81 mm and Dc = 24 mm)
Figure 6.16: Applied field as a function of current at critical conditions for SX3:
(Da = 86 mm and Dc = 24 mm)
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• plasma column L is proportional to the extension of the plume and represents
the characteristic length of the kink67
• assumed values for the plasma column length have been computed consider-
ing the Tikhonov correlation between the plume extension and the strength
of the applied magnetic field (mentioned for instance in Ref.34 and experi-
mentally found to be consistent even in the case of AF-MPDTs with pretty
high values of applied magnetic field and a consistent part of the mass flow
rate injection in the near anode region in36
• axial current Iz is constant along the z axis over the cathode surface tip,
and it coincides with the overall discharge current. In others words, at least
near to the cathode surface tip, the current patterns follow mainly the axial
direction. Evidences of this assumption are reported for example in36
• radius r of the plasma column is assumed to be close to the measure of the
cathode radius such that r ≈ Rc. This hypothesis finds a corroboration for
instance in Ref.59
On the other hand, as can be easily spotted by the experimental nature of
investigations mentioned above, in order to confirm all previous assumptions a
deeper investigation, for instance about the characteristics of the plasma plume
and its behaviors at critical conditions, should be performed. Given the nature of
the analysis such a task is beyond the scope of the present work. However the
assessment of this condition would represent a standalone consistent activity in
the frame of further experimental campaigns at the IRS. With these clarifications
in mind and with the only aim to provide an early easy way to determine limits
of operation with regard to this kind of instability one can further proceed. The
plasma column length has been considered to range within L = 2÷3.5Da whereDa
represents the anode diameter. This assumption is further supported by the analysis
of optic measurements performed by mean of a dedicated camera as described in
more detail in Chapter 4. The images available are related to the experimental
campaign performed in 2012 and 2013. Computation of the admissible current with
Kruskal-Shafranov limit has been therefore limited to the current configuration,
operated at mass flow rate m˙ = 20 mg/s and applied magnetic field Bapp = 0.1 T
at the cathode tip. Taking into account Eq. 4.43, in Fig. 6.19 results related to the
currently operated configuration are presented. As can be seen the graph shows the
trend of the current as function of the radial coordinate r, for parametric values of
plasma column length. As obvious, as the radial coordinate r, (namely the radius of
the plasma column) is increased, the maximum value of admissible current increases
as well since the plasma column is able to conduct more current. At the same time
an increase of the measure of L leads to a decrease of the admissible value of
I. For aforementioned conditions this criterion provides maximum current levels
ranging between 450 and 680 A. Both values are higher than currently operated
current levels, and could provide an alternative way to Tikhonov criterion in order to
describe current levels limits to avoid critical regimes. The characterization of the
plume length L (for example with optic measurements) for different configurations
and operated parameters (Bapp, m˙) could permit the extensions of the Kruskal-
Shafranov limit to different SX3 configurations.
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Figure 6.17: Elements of the Kruskal-Shafranov model
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Figure 6.18: Azimuthal and axial components of the induced magnetic field as
function of the radial distance - Bθ(r), Bz(r)
Figure 6.19: Admissible values of current (critical current) for different operated
conditions - SX3 (Da = 86mm,Dc = 12mm)
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6.5 Discussion
Within this section a brief summary of possible motivations for the observed dis-
crepancy between predicted results with Tikhonov criterion and operated conditions
is given. Attention has been posed also to effects of background pressure on the
thruster operation.
6.5.1 Electron Temperature and Ionization
As already mentioned, a discrepancy between assumed and effective electron tem-
peratures can affect the computation of the critical current with the Tikhonov
criterion.
The characterization of the electron temperature in AF-MPDTs represents a
complex tasks due to the coupling of different processes involved in the acceleration
of the plasma flow. Moreover, standard characterization of plasma temperatures
represents itself a challenging task with results often ranging within an order of
magnitude for similar experimental conditions. An extensive characterization of
the plume in AF-MPDTs in terms of electron temperature Te, particle number
density ne and voltage-current measurements has been conducted by different
groups62,71,26. Electron temperatures have been found ranging between 1 eV and
3 eV for comparable power levels, even if there are examples in which these values
have been found to be higher (up to 4 ÷ 5 eV in the experimental investigations
of68). The assumed value for Te in both the Tikhonov and Kruskal-Shafranov
models has been 2 eV, following the example of34. However, as showed, in Fig. 6.1
for a difference of 1 eV in the electron temperature at mass flow rate m˙ = 20 mg/s
a variation of 25 A in the critical current can be expected. As a consequence, the
only lack of data related to the electron temperature, and the difference between
assumed and real values of Te is probably not sufficient to explain the observed
discrepancy between Tikhonov predictions and experimental results.
The condition of a fully ionized plasma is commonly assumed in MPDTs and
AF-MPDTs due to the combination of particle number densities and temperatures
that can be found in the acceleration channel. In Fig.6.20a the trend of the
ionization fraction α with respect the temperature for parametric values of particle
number densities is showed. The ionization fraction is a measure of the degree of
ionization of the plasma, according to the Saha equation that for a gas composed
of single atomic species can be written as:
nj+1 ne
nj
=
2
Λ3
gj+1
gj
e
(
j+1−j
kBT
) (6.3)
where nj is the particle number density of atoms at the j-th ionization state, gj
describes the degeneracy of the state for the j-ions, j is the energy required to
remove j electrons from a neutral atom, ne is the electron density, Λ the thermal
Broglie wavelength of an electron. Considering single ionized Ar atoms, defining
the degeneracy functions g0 for the ground state and g1 for the ionized state, and
indicating with  the energy related to the ionization to the ground state to the
single ionized state, (namely the first ionization potential for Ar) the ionization
fraction α can be written as:
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α =
g1
g0
e(−

T
)
g1
g0
e(−

T
) + 1
(6.4)
where the ratio between degeneracy functions can be written as:
g1
g0
= 2.405× 1021 T 32 n−1i (6.5)
The Saha relation will result then:
ni
nn
= 3× 1027T 32 n−1i e(
−
T
) (6.6)
where ni is the number density of single ionized particles and nn the particle
number density of neutrals. As can be seen from Fig. 6.20a for particle number
densities of interest for the SX3, (up to 1019m−3) at temperature of 2 eV according
to the model the ionization fraction assumes almost an unitary value. However,
in AF-MPDTs where a considerable fraction of the mass flow rate is injected in
the near anode region one should take into account a different grade of ionization
for this fraction of propellant. As a consequence, would be possible, in theory,
to consider an average value of the ionization fraction α˜ such that it will result
always lower than the value computed trough Eq.6.4. The real fraction of ionized
particles as well as the grade of ionization should be verified trough the analysis of
absorbed spectrum lines of Ar+, Ar++. An example in this sense can be found for
instance in Ref.71.
Such analysis could also provide indications about the entity of electrodes
degradation (trough the verification of the presence of spectrum lines for Cu or
W). However, since such an investigation will be not covered in next near terms
experimental campaigns at the IRS this topic has been be not further analyzed.
6.5.2 Back pressure effects and vacuum chamber interaction
Effects of the background pressure on AF-MPDTs performances and operational
behaviors have been reported by several authors.71,13,34. Is generally accepted that
a lower as possible background pressure inside the vacuum chamber is required in
order to obtain an high resemblance of high vacuum space operations. Thrust
efficiency η and specific impulse Isp may be very sensitive to the presence of
undesired mass inside the vacuum chamber and consequently operation at high
facility pressure.34. An increase in measured thrust with a decrease of background
pressure has been reported by several authors.24 13. Consequently an indicative
upper limit for the background pressure has been stated to be pb = 10−3 Torr, or ≈
0.13 Pa.13 34. Several examples of operated background pressures are summarized
in Figure 6.20b. As can be easly seen SX3 conditions are above the stated limit. It is
worth to notice that particle number density is affected mainly by the ionization and
acceleration processes. During stable AF-MPD thruster operation particle number
density no has been found ranging between 1018m−3 and 1020m−3 for a wide
range of operated conditions (current, mass flow rate, thrust geometry)26,34,68.
Is generally accepted that particle number density exhibits a Gaussian distribution
centered at the thruster center line. Increasing applied magnetic field leads to
higher values of number density close to the thruster center line with an higher peak
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in the Gaussian distribution.26 In Fig.6.20b the aim is however only to correlate
background pressure values to representative values of particle number densities.
Thus, a simple choice is to relate the background pressure to the particle number
density trough the ideal gas law. As previously stated operated conditions of the
SX3 thruster in 2012 and 2013 experimental campaigns are, according to Tikhonov
criterion, in unstable regimes. However SX3 has been successfully operated once
reached steady discharge conditions for operational parameters reported within
aforementioned experimental campaigns. It is worth to notice that during operation
instabilities have been notice in the early phases of the ignition as an oscillation
in both brightness and shape of the discharge plume. Thrust has then reached a
stable operation trough the stabilization of the plume and voltage-current discharge
characteristics. Duration of the instability occurrence has been estimated from the
voltage-current diagram to be 4t ≈ 3.5s.65. The analysis of preliminary voltage-
current characteristic have been already performed in Sec. 5.2.2. As proposed
in65 saturation effects, due to increasing particle number density as effect of the
raising background pressure during operation, may be cause of an "enhanced"
conductive regime in which interaction with the vacuum chamber walls is not
more negligible. Such an hypothetical condition could allow to operate at higher
current values without directly detectable occurrence of instability. Taking this into
account the instability spotted in the early phases of operation in high vacuum
conditions may be representative of the Onset occurrence as observed by many
researchers in standard operated conditions. Further analysis aimed to investigates
this hypothesis are required in the frame of the next experimental campaign at
IRS.
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(a) Ionization fraction
(b) Background pressure examples
Figure 6.20: Ionization fraction for Ar evaluated trough the Saha equation
Fig.6.20a, and comparison of different background pressures for several experi-
mental campaign Fig.6.20b
CHAPTER 7
Characterization of magnetic field topology
7.1 Motivation
In the frame of the next experimental campaign, scheduled at the IRS for the next
fall 2014/2015, the characterization of performances, scaling trends, and the as-
sessment of limitations that may affects the thruster functioning will be conducted.
In order to complete these tasks and taking into account indications provided from
the analysis of operated conditions related to experimental campaigns in 2012 and
2013 with the Tikhonov and Kruskal-Safranov criteria, is clear that, in order to
compare different configurations, the effect of the applied magnetic field geometry
can not be neglected. In particular, as already highlighted both theoretically and
experimentally, (from one side considering for example the work of Tikhonov53 and
on the other hand the experimental campaign of Myers26,71), both the strength
and the geometry of the applied magnetic field affect thruster performances and
the occurrence of instabilities and onset. Key objectives and procedures performed
within this activity are summarized below:
• Objectives of the next experimental campaign:
– Development of a list of scaling relations for different operational pa-
rameters of the thruster
– Characterization of the thruster behavior at the onset
– Assessment of the applicability of common scaling relations and behav-
iors at the onset to different configurations
• Preliminary task required
– definition of a similarity criterion for the magnetic field characterization
between different configurations.
• Method
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– definition of parameters in order to describe each configuration from
the point of view of the magnetic field geometry
On the other hand, there will be also the necessity, once that relevant parame-
ters related to the characterization of the magnetic field have been defined and
computed for each configuration, to link them to parameters normally affecting the
functioning of the thruster, for example trough models involving the voltage U and
more important related to the occurrence of instabilities. The necessity of further
investigations in this direction has been prompted by the analysis of operated con-
ditions of the SX3 in experimental campaign in 2012 and 2013 as already presented
in more detail within a dedicated section in Chapter 5. In the late case in fact, a
more slender applied magnetic field geometry allowed the thruster operation with
current up to 450A while the first experimental campaign experienced fluctuations
in the plasma plume and a decrease of efficiency once that a value of I ≈ 225A
was reached. The outcome of the present analysis has been from one side the
definition of relevant parameters to characterize the magnetic field geometry and
from the other hand the definition of a scaling relation able to provide the radial
distance for scaling values of anode and cathode geometries.
7.2 Definition of geometric parameters
The arrangement of the thruster with current coil arrangement providing the desired
applied magnetic field geometry is presented in Fig. 7.1. As can be seen, an
additional inner coil is also showed in the aforementioned figure. The aim of
this second coil will be related to the possibility to vary the applied magnetic
field topology by a variation of the discharge current in both coils, in order to
replicate, as close as possible, a given magnetic topology for thruster configurations
characterized by different anode to cathode radii. This will allow to assess the
effect of the sole magnetic field topology variation on the operational behaviors
at the onset. However, even if the second coil geometry has been developed and
preliminary simulated in FEEM, results are here related to the current outer coil
only, since the implementation of the additional coil is still not planned within the
next experimental campaign. In Fig. 7.2 geometric parameters chosen for the
characterization of the applied magnetic field are illustrated. Variables involved in
the characterization, are defined as follows:
• αAS represents the angle between the anode surface at the inner anode
radius reference point r = Ra and z axis, constant for all configurations.
• αA,z is the angle between the magnetic flux line at the anode inner radius
reference point r = Ra and z axis.
• αC,z represents the angle between the magnetic flux line at the cathode outer
radius reference point r = Rc and z axis.
• Hfl represents the distance between the anode and cathode magnetic flux
lines along the radial direction r.
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Figure 7.1: Configuration and positioning of current and additional magnetic coils
(SX3 - Da = 86 mm, Dc = 12 mm). All dimensions are in mm
Moreover, characteristic lengths Lcfl, Lafl are defined, and represent respectively
the length of the cathode and anode flux lines tangent to reference points at
r = Rc, r = Ra, from the axial coordinate z = 0 to a value of z at which the
strength of the applied magnetic field is decreased to a value roughly one order
of magnitude lower than the applied magnetic field at the cathode tip section,
namely B = 0.01 T. This choice is further supported by the analysis of the plume
extension within SX3 experimental campaigns in 2012 and 2013. For the currently
operated coil arrangement, providing an applied magnetic field Bapp = 0.1 T at
the anode reference point A (Fig. 7.2) the axial length considered here is z = 385
mm.
Finally, the ratio between the term Hfl and the inter electrodes gap, namely
Hfl
Ra−Rc is also defined as it provides an indication of the divergence of the magnetic
field lines for different configurations.
7.3 Tools: the FEMM software
7.3.1 Description
The characterization of the applied magnetic field geometry by mean of aforemen-
tioned parameters has been performed mainly trough the Finite Element Methode
Magnetics (FEMM) software. Since as already mentioned, this part of the work
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Figure 7.2: Definition of geometric parameters characterizing the applied mag-
netic field geometry at point A and C
is believed to be relevant in the frame of the next experimental campaign, a brief
description of the software is necessary, even to asses limits of the present discus-
sion and to address hints and suggestions for further developments. For a complete
description the reader is referred to73. FEMM consists of several programs to solve
electromagnetic problems on two-dimensional planar and axisymmetric coordinates.
Linear and nonlinear magnetostatic problems as well as time harmonic magnetic
problems and linear electrostatic problems can be solved. In regarding magne-
tostatic problems, which are relevant to the performed analysis, FEMM adresses
some limiting cases of Maxwell equations. In particular, for the characterization
of the applied magnetic field geometry the software solves problems in which the
fields are time-invariant. Under such assumptions field intensity and flux density,
respectively H and B are described by the following set of equations:
∇×H = J (7.1)
∇ · B = 0 (7.2)
B = µH (7.3)
where Jrepresents the current density. If the material is nonlinear, the perme-
ability µ is a function of B according to the relation µ = BH(B) . FEMM software
satisfies Eq. 7.3 considering a vector potential approach. In fact, flux density is
written as a vector potential A according to Eq. 7.4:
B = ∇× A (7.4)
Taking into account that the aforementioned equation satisfies also the first
one of the set defined in Eq. 7.3, Eq. 7.4 can be written as:
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Dc = 12 mm
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Figure 7.3: Flux density plot and anode and cathode flux lines - Da = 86 mm,
Dc =12 mm (above) - Da = 60.811 mm, Dc =12 mm (below)
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Da = 86 mm
Dc = 24 mm
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Dc = 24 mm
Figure 7.4: Flux density plot and anode and cathode flux lines - Da = 86 mm,
Dc =24 mm (above) - Da = 60.811 mm, Dc =24 mm (below)
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∇×
(
1
µ(B)
∇×A
)
= J (7.5)
Considering a linear isotropic material and neglecting the so called Coulomb
gauge such that ∇ · A Eq. 7.5 reduces as follows:
− 1
µ
∇2A = J (7.6)
FEMM solves the problem within the formulation in this last equation or in Eq.
7.4 so that problems with a non linear B-H relationship can be solved. Considering
a 3d formulation A has three components: in the axysimmetric or 2d planar case
however two components are zero and only the direction perpendicular to the plane
of the page remains. The advantage to use a vector potential formulation is that
all conditions are summarized in one only equation. Once that A is found, B and H
are deduced by differentiating A. The form in Eq. 7.4 represents an elliptic partial
differential equation, common in the description of many physics problems. Since
the analysis of the applied magnetic geometry has been performed the description
has bee limited to magnetostatic problems. However FEMM can handle also time-
harmonic magnetic problems, electrostatic problems and heat and current flow
problems. I particular the possibility to solve these last kind of problems could be
interesting for further investigations. In the present analysis in fact, how will be
described later on, the self field component of the magnetic field is not considered
within the characterization of the applied magnetic. Verification of the feasibility
of the design of an equivalent circuit able to replicate within a certain grade of
approximation the property of the discharge arc can represent an useful activity in
the frame of further researches.
7.3.2 Boundary conditions
The choice of an adequate number of boundary conditions is necessary in order
to guarantee an unique solution. A review of all different boundary conditions
(BCs) is beyond the scope of the present section however, those one related to the
magnetic and electrostatic problems are relevant and will be brief presented here.
Five BCs are defined:
• Dirichlet: in this type of BCs the value of potential A or V is defined explicitly
on the boundary. One common use of Dirichlet-type boundary conditions in
magnetic problems is to pone A = 0 along a boundary to keep magnetic flux
from crossing the boundary. In electrostatic problems, Dirichlet conditions
are used to fix the voltage of a surface in the problem domain.
• Neumann: this BC defines the derivative of potential along the boundary. In
magnetic problems, the homogeneous Neumann boundary condition, ∂A∂n is
defined along a boundary to force flux to pass the boundary at exactly a 90
◦ angle to the boundary. This sort of boundary condition is consistent with
an interface with a very highly permeable metal.
• Robin: this BC is a mix between Dirichlet and Neumann, prescribing a
relationship between the value of A and its normal derivative at the boundary.
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An example is the following condition is: ∂A∂n + cA = 0. This boundary
condition allows a bounded domain to mimic the behavior of an unbounded
region. In the context of heat flow problems, this boundary condition can
be interpreted as a convection boundary condition. In heat flow problems,
radiation boundary conditions are linearized about the solution from the last
iteration. The linearized form of the radiation boundary condition is also a
Robin boundary condition.
• Periodic/Antiperiodic : A periodic BC joins two boundaries together. In this
type of boundary condition, the boundary values on corresponding points of
the two boundaries are set equal to one another. In antiperiodic BCs however
the boundary values are made to be of equal magnitude but opposite in sign.
If no boundary conditions are explicitly defined, each boundary defaults to a
homogeneous Neumann boundary condition. However, a non-derivative boundary
condition must be defined somewhere (or the potential must be defined at one
reference point in the domain) so that the problem has a unique solution. For
axisymmetric magnetic problems, the case of interest for the characterization of
the applied magnetic field generated by the set of coils, A = 0 is enforced on the
line r = 0. In this case, a valid solution can be obtained without explicitly defining
any boundary conditions, as long as part of the boundary of the problem lies along
r = 0. This is not the case for electrostatic problems, however. For electrostatic
problems, it is valid to have a solution with a non-zero potential along r = 0. Hence
taking into account the aforementioned clarifications performed analysis has been
carried out mainly using Neumann BCs for all configurations. The output of the
static magnetic analysis however for what the author knows, is not heavly affected
by the choice of the boundary conditions, provided that those chosen represent
consistent BC for the problem. However the choice of different BCs may have an
impact on the outcome if coupled with the use or the analysis related to the effects
of magnetic shields (flux conserver). Taking into account the intrinsic axysimmetric
geometry of the thruster the use of flux conserver and more generally a cylindrical
coaxially mounted conductive shell in order to modify the topology of the applied
magnetic field may deserve some efforts.
7.3.3 Discretization and Meshing
As widely know, is typically very difficult to get closed-form solutions for all but
the simplest geometries. This is where finite element analysis comes in. Finite
elements break the problem down into a large number regions, each with a simple
geometry (e.g. triangles). Over these simple regions, the real solution for the
desired potential is approximated by a simple function. If enough small regions are
used, the approximate potential closely matches the exact solution. Through the
process of discretization, a linear algebra problem is formed with tens of thousands
of unknowns. However, algorithms exist that allow the resulting linear algebra
problem to be solved, usually in a short amount of time. Specifically, FEMM
discretizes the problem domain using triangular elements. Over each element, the
solution is approximated by a linear interpolation of the values of potential at the
three vertices of the triangle. The linear algebra problem is formed by minimizing
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a measure of the error between the exact differential equation and the approximate
differential equation as written in terms of the linear trial functions.
7.3.4 Pre/Post processor and Material Properties
The preprocessor for magnetics problems is used for drawing the problems geome-
try, defining materials, and defining boundary conditions. Drawing a valid geometry
consists of four tasks: drawing the endpoints of the lines and arc segments that
make up a drawing, connecting the endpoints with either line segments or arc
segments, adding Block Label markers into each section of the model to define
material properties and mesh sizing for each section. Specifying boundary con-
ditions on the outer edges of the geometry. This part has been extensively used
for the reproduction of the SX3 thrust geometry, magnetic coils set-up, and to
define geometries useful for the characterization of the magnetic filed in particu-
lar magnetic flux lines for each configuration. In regarding the choice of material
properties those one not already present in the Block properties section have been
modeled trough the definition of proper characteristics. (electrical conductivity,
magnetic permeability et al.).
7.3.5 Results Representation
One of the most useful ways to get a subjective feel for a magnetic finite element
solution is by plotting flux lines. These are the streamlines along which flux flows
in the finite element geometry. Where flux lines are close together, the flux density
is high. In FEMM’s vector potential formulation, flux lines are simply plots of the
level contours of the vector potential, A, in planar problems, or level contours of
2pirA in axisymmetric problems. For harmonic problems, the contours are a little
more subtle–A has both real and imaginary components. In this case, postprocessor
allows the user to plot contours of either the real or the imaginary part of A. Real
contours appear black, and Imaginary contours appear as grey. By default, a set of
19 flux lines are plotted when a solution is initially loaded into postprocessor. For
our computation a subdivision in a set of 4 flux lines has been chosen. The number
and type of flux lines to be plotted can be anyway altered using the Contours Plot
option. Others important ways to represent results related to the characterization
of the applied magnetic field are: density, vector, line plots, and line integrals.
Density plots are also a useful way to get a quick impression for the flux density in
various parts of the model.
Plot of flux density, field intensity, or current density can be also plotted. If
the solution is to a harmonic problem, the user can choose to plot either the
magnitude or just the real or imaginary part of these quantities. The flux density
at each point is classified into one of twenty contours distributed evenly between
either the minimum and maximum flux densities or user-specified bounds. Vector
plots represents also a good way of getting a feel for the direction and magnitude
of the field is with plots of the field vectors. With this type of plot arrows are
plotted such that the direction of the arrow indicates the direction of the field and
the size of the arrow indicates the magnitude of the field.
Within the contours mode, various field values of interest can be plotted along
the defined contour. The program computes the desired values along the defined
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contour. These values are then plotted using the FEMM plot program, which is
called automatically to display the plot. By default, the write data to text file
option is not checked. Different types of line plots are supported:
• Vector potential along the contour;
• Magnitude of the flux density along the contour;
• Component of flux density normal to the contour;
• Component of flux density tangential to the contour;
• Magnitude of the field intensity along the contour;
• Component of field intensity normal to the contour;
• Component of field intensity tangential to the contour;
Both components and magnitude of the flux density along a contour, already
part of the SX3 geometry or created for this purpose, have been extensively used
within this activity. Finally line integrals can be performed along a specified con-
tour. These integrals are performed by evaluating a large number of points at
evenly spaced along the contour and integrating using a simple trapezoidal-type
integration scheme. Some of the line integrals used within the activity are reported
below:
• B.n. represents the total flux passing normal to the contour. This integral
is useful for determining the total flux in a bulk flux path.
• H.t. is the integral of the tangential field intensity along the contour yields
the magnetomotive force drop between the endpoints of the contour.
• contour length L: this integral returns the length of the defined contour in
meters.
• B.n2. evaluates the integral of the square of the normal flux along the line.
7.4 Results and scaling relations
7.4.1 Applied magnetic field topology
Results computed by mean of the FEEM software for the preliminary applied mag-
netic field characterization for six electrodes configurations, can be regrouped in
three categories:
• flux density plots presented in Fig. 7.3 and in Fig. 7.4 compare configurations
characterized by the same cathode dimensions. In Fig. 7.3 the present
configuration and that one characterized by Da = 60.811 mm and Dc = 12
mm are compared, while in Fig. 7.4 both anode dimensions and the bigger
cathode configuration of Dc = 24 mm are summarized.
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• in Fig. from 7.5 to 7.8 a simply representation of the thruster, the coil
assembly and the magnetic flux lines for each configuration are provided.
Depicted in this form, results permit an immediate qualitative and quantita-
tive visualization of the variation of the Hfl distance for different electrodes
geometry considered.
• computed values of the distance Hfl have been analyzed and sorted, in Fig.
7.9 for different cathode dimensions. In particular, squared and round mark-
ers represent values of Hfl respectively for anode dimensions of 86 mm and
60.81 mm, which represent anodes geometries analyzed within the present
characterization. The three cathode dimensions analyzed are reported in
the x-axis. In Fig. 7.10 are showed results of the interpolation of the Hfl
measurements for both anode configurations, namely Da = 86 mm and
Da = 60.811 mm. The expression of fitting curves is a simple second order
power law:
Hfl = m1 r
2 +m2 r +m3 (7.7)
where coefficients m1, m2, m3 are summarized in Tab. 7.1, and r represents
the inter-electrode radial distance.
• measurements of relevant angles and lengths defined in section 7.2 are sum-
marized in Tab. from 7.2 and 7.5. In particular, within these tables is showed,
together with angles measurements, also the term αAS − αA,z, the anode
and flux lines length Lcfl and Lafl and the ratio between the term Hfl and
the inter-electrodes gap (Ra - Rc).
• the magnitude of the applied magnetic field for each configuration is pre-
sented in Fig. from 7.11 to 7.16. The trend depicted here, typical in AF-
MPDTs, resembles for instance that one found in71.
Analyzing in more detail the meaning of Fig. from 7.11 to 7.16 can be seen
how the distance Hfl decreases once that configurations characterized by lower
anode to cathode ratio are considered. Values of Hfl range between 124 mm of
the present configuration with Da = 86 mm and Dc = 12 mm, to Hfl ≈ 60
mm for the planned configuration with Da = 60.811 mm and Dc = 24 mm. The
inter-electrodes gap and the distance Hfl present two different scaling trends, due
to the divergence of the magnetic flux lines, however for configurations analyzed
here, as can be observed from Tab. 7.2 and 7.5, the value of the ratio Hfl(Ra−Rc) still
ranges between 3.43 for the configuration characterized by Da = 86 and Dc = 24
mm to 3.24 for that one characterized by Da = 60.811 mm and Dc = 12 mm.
Moreover for the anode configuration with Da = 86 mm, values of Hfl range
Coefficient m1 m2 m3
Da = 86 mm -0.116 -8.439 132.71
Da = 60.811 mm -1.778 -2.313 83.25
Table 7.1: Fitting curve coefficients for the anode to cathode flux radial distance
Hfl. (Bapp = 0.1 T)
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between 124 mm and 106 mm, as the cathode radius range between the current
dimension and the bigger one, namely Dc = 24 mm. For the second anode dimen-
sion, Da = 60.811 mm, values of Hfl range between 79 mm and 60 mm. Hence,
from this point of view for a given applied magnetic field geometry, operation with
a reduced anode dimension assures a reduced distance Hfl at all axial coordi-
nates. Considering a variation with anode dimensions at axial distance z = 385
mm, switching from configuration Da/Dc = 86/12 to that one characterized by
Da/Dc = 60.811/12 leads to a reduction of about 63 % in the Hfl value.
For the same axial distance (z = 385 mm), taking into account a variation of
the cathode dimension, from configuration Da/Dc = 86/12 to Da/Dc = 86/24
leads to a reduction of about 15 % in the value of Hfl.
As a consequence, taking into account operation of the thruster and the effect
of the applied magnetic field topology on expected thruster behaviors at the onset
the use of anode dimension Da = 60.811 mm seems to be the better choice, since
this configuration assures the lower magnetic flux lines divergence for any cathode
dimension. However, also the use of bigger cathodes leads to a considerable re-
duction of the magnetic flux lines divergence and hopefully to a reduction of the
overall required voltage. Moreover, as already stated the use of different cathode
dimensions represents a more immediate solution, since the implementation of a
new water cooled anode assembly pones still several challenges.
Taking into account angles that anode and cathode flux lines form with the
anode surface and at the cathode tip from Tab.7.2 and 7.5 can be seen that a little
variation of the αA,z angle is also present as the cathode dimension is increased.
Values of the cathode angle αC,z range between nearly 0 deg for the cathode
dimensionDc = 12 mm to roughly 1 deg for the bigger cathode dimensionDc = 24
mm. The max angle variation is still, kept constant cathode dimensions, between
different anode configurations. A difference of about 60 % in the αA,z angle is
present between configuration Da/Dc = 60.811/16.971 and Da/Dc = 86/16.971.
Finally an interesting trend can also be observed in the magnitude of the ap-
plied magnetic field in Fig. from 7.11 to 7.16. If at the axial coordinate z = 0
(cathode tip section) the magnitude of the applied magnetic field on the anode
flux line is higher than the correspondent one on the cathode flux line, a point
(highlighted in all figures with a round empty mark) exist such that the trend is
reversed and the cathode flux line magnitude remains slightly higher than that one
related to the anode. This feature can be easily explained taking into account the
geometry of the applied magnetic field as illustrated for example in Fig. 7.3: a
reduction of the applied magnetic flux density in the axial direction is accompanied
by an increment in the radial direction: moreover the change in the radial direction
present a variation in its trend (density plot lines changes from convex to concave)
as moving forward along the axial direction. Taking into account different configu-
rations, the aforementioned intersection point between the anode and cathode flux
line magnitude is not strongly affected by cathode dimensions, but by the anode
configuration. As can bee seen in fact, confronting Fig. 7.11 and Fig. 7.13, the
variation related to different cathode dimensions (from 12 to 24 mm) has little
influence on the position of the intersection point. On the other hand, for different
anode configurations the effect is clearly visible: if the intersection point is located
around z ≈ 100 mm for the anode configuration characterized by Da = 86 mm,
this measure is lowered to roughly one half (z ≈ 50 mm) with the second anode
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configuration characterized by Da = 60.811 mm.
7.4.2 Summary
Results presented in this chapter, especially the computation of the anode to cath-
ode flux distance Hfl, anode and cathodes angles αA,z and αC,z, and profiles of
the applied magnetic field magnitude are believed to be relevant for the thruster
functioning, both at optimal and critical regimes. The presented characterization
provided all characterization data for the present configuration for which prelimi-
nary data on current and voltage characteristic are already available. The analysis
has been further extended to future configurations characterized by a smaller an-
ode dimension and 3 cathode dimensions. This will permit to directly match the
currently operated with alternative SX3 configurations not only in terms of geom-
etry (trough the ratio RaRc ) and operational parameters (such as mass flow rate m˙,
applied magnetic field Bapp and discharge current I) but also taking into account
the aforementioned parameters αA,z and αC,z, Hfl and lengths Lcfl and Lafl
characterizing each SX3 configuration from the point of view of the magnetic field
topology.
Da [mm] Dc [mm] R¯ αA,z(deg) αC,z(deg) αAS − αA,z(deg)
86 12 7.167 1.78523 -0.0339939 6.14477
86 16.971 5.068 2.35015 0.529914 5.57985
86 24 3.583 2.34083 0.950867 5.58917
Table 7.2: Applied magnetic field characterization - Parameters for scaling cath-
ode diameter Dc with Da = 86 mm
Configuration Da[mm]/Dc[mm] Lcfl(m) Lafl(m) Hfl(m)
Hfl
(Ra−Rc)
86/12 0.385283 0.39819 0.124172 3.3560
86/16.971 0.385568 0.39793 0.115387 3.3432
86/24 0.386049 0.39825 0.106371 3.4313
Table 7.3: Applied magnetic field characterization - Parameters for scaling cath-
ode diameter Dc with Da = 86 mm
Da [mm] Dc [mm] R¯ αA,z(deg) αC,z(deg) αAS − αA,z(deg)
60.811 12 5.068 1.19404 -0.02888 6.73596
60.811 16.971 3.583 1.44814 0.832678 6.48186
60.811 24 2.534 1.43637 0.739439 6.49363
Table 7.4: Applied magnetic field characterization - Parameters for scaling cath-
ode diameter Dc with Da = 60.811 mm
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Configuration Da[mm]/Dc[mm] Lcfl(m) Lafl(m) Hfl(m)
Hfl
(Ra−Rc)
60.811/12 0.386049 0.39825 0.079159 3.2435
60.811/16.971 0.385516 0.38944 0.071513 3.2625
60.811/24 0.386087 0.38943 0.060312 3.2769
Table 7.5: Applied magnetic field characterization - Parameters for scaling cath-
ode diameter Dc with Da = 60.811 mm
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Figure 7.5: Representation of anode and cathode magnetic flux lines, and their
radial distance Hfl - (Da = 86 mm, Dc = 12 mm)
Figure 7.6: Representation of anode and cathode magnetic flux lines, and their
radial distance Hfl - (Da = 86 mm, Dc = 24 mm)
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Figure 7.7: Representation of anode and cathode magnetic flux lines, and their
radial distance Hfl - (Da = 60.811 mm, Dc = 12 mm)
Figure 7.8: Representation of anode and cathode magnetic flux lines, and their
radial distance Hfl - (Da = 60.811 mm, Dc = 24 mm)
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Figure 7.9: Trends of inter-electrodes gap (Ra−Rc) and anode to cathode radial
distance Hfl for different cathode radii
Figure 7.10: Fitting results of anode to cathode flux lines radial distance data
(above) and residuals (below)
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Figure 7.11: Applied magnetic field magnitude trend on cathode and anode flux
lines: (Da = 86 mm, Dc = 12 mm)
Figure 7.12: Applied magnetic field magnitude trend on cathode and anode flux
lines: (Da = 86 mm, Dc = 16.971 mm)
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Figure 7.13: Applied magnetic field magnitude trend on cathode and anode flux
lines: (Da = 86 mm, Dc = 24 mm)
Figure 7.14: Applied magnetic field magnitude trend on cathode and anode flux
lines: (Da = 60.811 mm, Dc = 12 mm)
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Figure 7.15: Applied magnetic field magnitude trend on cathode and anode flux
lines: (Da = 60.811 mm, Dc = 16.971 mm)
Figure 7.16: Applied magnetic field magnitude trend on cathode and anode flux
lines: (Da = 60.811 mm, Dc = 24 mm)
CHAPTER 8
Conclusions & Further Activities
Within this work the investigation of operational regimes at the onset and critical
conditions related to the SX3 in its present and alternative configurations has been
conducted by mean of the Tikhonov criterion for AF-MPDTs and the Kruskal-
Shafranov limit. The analysis of data related to performed experimental campaigns
in 2012 and 2013 with the SX3 provided early insight on the presence and the
nature of the onset phenomena and instabilities in the initial phases of the thruster
operation. Assuming a stable behavior of the SX3 after these initial phases, it has
been found that the Tikhonov criterion underestimates critical conditions related to
performed experiments. On the other hand, the analysis of admissible currents with
Tikhonov confirms the need for the implementation of new cathodes with a larger
radius. A possible explanation of this discrepancy may be due to an increasing
plume-wall chamber interaction and a consequent damping effect affecting plume
oscillations and voltage-current fluctuations usually reported during operations in
similar regimes.
The application of the Kruskal-Shafranov limit to the currently operated SX3
configuration, leads to maximum values of admissible currents ranging between
450 ÷ 600 A in relation to the effective radius and length of the plasma column.
The use of this criterion can be easily extended to different operational regimes
and thruster configurations once that optical measurements related to the plasma
column length will become available. Operation below current levels predicted by
mean of the Kruskal-Shafranov criterion will permit to avoid kink mode instabilities,
which have been found to affect the thruster functioning and to greatly reduce the
efficiency in AF-MPDTs at and above critical conditions.
The analysis of the applied magnetic field geometries used during experimen-
tal campaigns with the SX3 also prompted the idea that a given topology strongly
affects behaviors of the thruster at the onset. As a consequence, a detailed charac-
terization of the applied magnetic field provided by the current coil configuration
has been performed. Results highlighted the advantage of configurations char-
acterized by a smaller anode in reducing the divergence of magnetic flux lines.
Operation with larger cathodes in comparison leads to a less significant benefit.
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The analysis of the SX3 experimental data also highlighted the need for an im-
proved experimental set-up in the frame of the next experimental campaign. In
particular, the increase of the sampling frequency for voltage and current signals
up to kHz ÷ MHz order seems to be necessary in order to further clarify the nature
of instabilities spotted in early phases of the thruster functioning.
A simplified voltage model has been used with the help of thrust measure-
ments related to experimental campaign in 2012, and extrapolating thrust trend
for currents level up to 450 A. This will permit a direct comparison with experi-
mental thrust and voltage data that will be provided within further experimental
investigations.
A simplified model for the ionization current for the SX3 has been computed
taking into account operated conditions related to the last experimental campaign.
The outcome can be used as lower limit of operation in terms of current or applied
magnetic field in order to achieve a theoretical level of ionization. The same kind
of analysis can be found to be of some use in the frame of the thrust envelope
definition of a smaller version of the SX3 (up to 10 kW power range) currently
under development at the IRS.
Finally, in the frame of the magnetic field characterization, a scaling relation
useful to provide the measure of the anode to cathode flux lines distance has
been provided, and can be used within numerical or experimental characterizations
related to the present coil configuration.
Near term further activities could be related from one side to the possibility
of further experimental investigations aimed to better clarify the behavior of the
thruster at the onset for different operational regimes, from the other hand to an
extension of the applied magnetic field characterization to different coil current
levels and taking into account the use of the planned additional coil arrangement.
Mid term related activities could be focused on the modification of the Tikhonov
criterion with a weighted mass flow rate, or alternatively a modified anode to cath-
ode radii ratio once that will be possible to compare Tikhonov predictions with
experimental results for a wider range of operational parameters and power levels.
In conclusion, the characterization of plasma plume characteristics of the SX3
(electron temperature, plume length, plume oscillations) via optical measurements
and emission spectroscopy (for instance by mean of the relative line intensities
approach) is believed to be determinant in order to validate assumptions made
within adopted models, to clarify the nature of plume oscillations spotted during
previous experiments, to assess the grade of ionization of the propellant and the
presence and the entity of erosion processes affecting the electrodes as the thruster
will reach steady-state long period operations.
APPENDIXA
A simple formulation of the Ionization current in AF-MPDTs
A simple formulation of the Ionization current in AF-
MPDTs
MPDTs
The Tikhonov parametrization in the form of Eq. 4.24 allows to determine upper
limit values of operable currents I as function of applied magnetic field Bapp,
and mass flow rate m˙. On the other hand, lower limits of operable currents are
bounded by the propellant ionization process, so that, a lower limit for I exist.
In the case of SF-MPD thrusters, with no applied magnetic field, accordingly
to several authors34,44 a critical ionization current can be defined from a simple
energy conservation balance equating kinetic energy in the exhuast plasma beam
and energy expenditures related to the ionization of the gas and others general
sources of loss (usually named as thermal losses) as in Eq. A.1
1
2
Ttotue =
m˙εi
M
+Qth (A.1)
where Ttot is the total thrust (measured one or alternatively computed trough
Eq. 2.44), ue the propellant exhaust velocity, m˙ the mass flow rate, εi the propel-
lant ionization potential, Mi the ion mass, and Qth thermal losses due to overall
convection and electrode losses. Taking into account the definition of the Alfvén
(or critical ionization) velocity as in Eq. A.2
uci =
(
2ε
Mi
)( 1
2
)
(A.2)
in which uci is considered as only dependent on the gas used (for argon
uci=8.72 Km/s), the following formulation can be derived as in Eq. A.3
Ttotue = m˙u
2
ci + 2Qth (A.3)
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In the case of SF-MPD thrusters substituting a standard form for the thrust
Ttot as defined in Eq. A.4
Ttot =
µoI
2
4pi
[
ln
(
Ra
Rc
)
+
3
4
]
(A.4)
in the Eq. A.3 and neglecting in this first analysis the effect of Qth leads to
Eq. A.5
µoI
2
4pi
[
ln
(
Ra
Rc
)
+
3
4
]
ue = m˙u
2
ci (A.5)
Considering now a nominal operation in which the thruster produces an exhaust
velocity equal to the critical ionization velocity44 so that uci = ue, the correspon-
dent value of current from Eq. A.5 will be the critical ionization current as defined
in Eq. A.6
I =
 m˙uci
µo
4pi
[
ln(RaRc ) +
3
4
]
 12 (A.6)
One can rearrange the thrust formula in Eq.A.3 taking into account the geometric
contribution depending on the anode and cathode radii Ra and Rc in the form of
the thrust coefficient CT described by the Eq.
CselfT =
[
ln
(
Ra
Rc
)
+
3
4
]
(A.7)
Then, the ionization current for SF-MPDTs in Eq.A.6 can be stated as in Eq. A.8
I =
 m˙uci
µo
4pi
CT
 12 (A.8)
Ionization current in AF-MPDTs
In the case of an AF-MPDT many forms to express the thrust have been developed
in the frame of aforementioned experimental campaigns. In general, the thrust can
be expressed as a function of different operational parameters, as follows:
Ttot = f(
Ra
Rc
, I, Bapp, m˙) (A.9)
Among different existing formulations, the already mentioned Tikhonov thrust
formula53 has been found able to describe with some grade of accuracy the trend
of the thrust with respect operational parameters in the case of AF-MPDTs. The
relation, briefly mentioned in Chapter 2, can be recalled here trough Eq. A.10 as:
Ttot =
µo
4pi
CselfT I
2 + 2KHIBappRa +KGDaom˙ (A.10)
where CselfT is defined in Eq. A.7, KGD = (1+1/γe) is the gas dynamic coefficient,
Bapp the applied magnetic field, Ra and Rc respectively the anode and cathode
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radii, I the current, ao the sound velocity, m˙ the mass flow rate and the coefficient
KH expressed as follows:
KH =
fH
2
(A.11)
In this form, presented in the original integral formulation of53, the term fH is
a function of the ratio between the value of the applied magnetic field at the
cathode and the anode exit section providing constant other parameters, namely
fH = f(
Aa
Ac
, BaBc ). The definition of the KH coefficient in Eq. A.11 can be derived
taking into account that:
TH =
I
2piRa
AaBappf(
Aa
Ac
,
Ba
Bc
) = 2KHIRaBapp (A.12)
where Aa, Ba are respectively the surface of the anode exit section and the applied
magnetic field. The qualitative trend of the function has been already showed in
Fig. 2.11. The underlying meaning is that, according to the Tikhonov model,
for a given configuration the value of the KH coefficient can be considered as
constant, provided to be the applied magnetic strength and its topology constants.
However, this and other kinds of dependencies have not been found to fully fit
the experimental data for different types of AF-MPDTs. As a consequence KH
coefficient has been also alternatively computed from the analysis of performances
of a wide number of AF-MPDTs (an example is described in63). Following the
same procedure adopted in MPDTs by Choueiri for the definition of the ionization
current, the thrust can be described rearranging the Eq. A.10 through the definition
of geometric coefficients and operational coefficients related to thruster operational
parameters as follows:
Cselfgeo = C
self
T =
[
ln
(
Ra
Rc
)
+
3
4
]
(A.13)
CHgeo = 2
Ra
Rc
(A.14)
Cgasgeo = 1; (A.15)
while the operational parameters can be defined as:
Cselfop =
µo
4pi
I2 (A.16)
CHop = IBappRc (A.17)
Cgasop = m˙aoKgd (A.18)
(A.19)
Geometric parameters have been chosen to be dimensionless and to reflect dif-
ferent acceleration processes underlying the thrust production in AF-MPDTs: the
superscript H is used to denote the applied field component, while with the term
gas is described the gas dynamic fraction. Taking into accounts the aforemen-
tioned coefficients, the thrust can be defined by mean of an average value of all
different operational and geometric terms, namely C˜op and C˜geo, where C˜geo can
be considered as the composition of aforementioned geometric coefficients, namely
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C˜geo = [(C
self
geo )2 + (CHgeo)
2 + (Cgasgeo )2]
1
2 . As a consequence the overall thrust can
be rearranged as:
Ttot = C˜opC˜geo (A.20)
and the average value of operational parameter as:
C˜op =
Ttot
C˜geo
(A.21)
Therefore, for the computation of the ionization current, equating the power de-
voted to the thrust generation to the expenditures required for the ionization of
the propellant leads to a definition of the operational coefficients as in Eq A.22
1
2
C˜opC˜geoue =
m˙ie
M
(A.22)
that can be considered true (neglecting losses expenditures) when ue = ui, being
ue the exhaust velocity and ui the ionization velocity defined in Eq. A.2. Hence
C˜op can be written as:
C˜op =
m˙uci
C˜geo
(A.23)
On the other hand, the operational coefficient can be also defined, as for the
geometric parameters, trough the average of all operational parameters, namely
C˜op = [(C
self
op )2 + (CHop)
2 + (Cgasop )2]
1
2 . This last equation can be solved for
example considering the discharge current I then providing a value corresponding
to the lower limit of the ionization current. Since the SX3 has been operated till
now with no variation of the applied magnetic field strength for the same magnetic
topology is useful to solve for I the last equation, defying the C˜op for different
values of applied magnetic field Bapp. Therefore one get:
µ2o
4pi2
I4 + I2BappR
2
c + (m˙aoKgd)
2 = C˜op
2
(A.24)
that can be solved considering only positive solutions, comparable with the
employed power level. In Fig. A.1 is showed the effect of the applied magnetic
field on the ionization current for parametric values of the mass flow rate. As
can be seen as the applied magnetic field is decreased the ionization current in-
creases. Moreover, the effect of a variation of the applied magnetic field is more
relevant as the mass flow rate is increased. Results correspond to the physical
sense and resembles the characteristic trend of the current with respect to values
of applied magnetic field in AF-MPDTs, underlying the advantage of the latter one
over MPDTs, due to the possibility of operations at lower currents and voltages,
and consequently at lower power levels. The computed ionization current can be
considered as a simplified lower limit of operation and could be found to be useful
in the determination of lower limits of operation for the low-power scaled version
of the SX3 (up to 10 kW) currently in the design phase at the IRS. On the other
hand, the operation at different values of applied magnetic field in the frame of
the next experimental campaign of the SX3, will provide further data in order to
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Figure A.1: Trend of the ionization current with respect discharge current for the
currently operated configuration of the SX3 - (Da = 86 mm, Dc = 12 mm)
eventually modify the model once that the weight of different operational coeffi-
cients on the thrust generation will be determined. The ionization current trend
has been deduced by mean of a power law fitting in the form Bapp = aIb+c where
a,b,c are the fitting constants considered, from different values of applied magnetic
fields and parametric values of mass flow rate. Considered values are represented
in Fig. A.1 trough markers, while fitting curve with solid lines. In Table A.1 values
of fitting coefficients as well as a measure of the error (sum of squared errors of
prediction or SSME with 95% confidence bounds) are reported.
m˙/mg/s a b c SSE
20 7.549 -1 1.102×10−6 9.974×10−13
50 18.87 -1 6.890×10−6 3.898×10−11
100 37.71 -0.999 2.759×10−5 6.251×10−10
150 57.08 -1.002 4.568×10−4 2.045×10−10
200 77.4 -1.005 9.894×10−4 3.372×10−8
Table A.1: Power law fitting coefficients for ionization current curves at different
mass flow rates
APPENDIXB
Application of a voltage model from thrust measurements
Voltage model
As already stated in Chapter 3, characteristics of the voltage trend are important
since at the onset strong oscillations in both voltage and current signals denote
an operation near or above critical regimes. Would be useful then, to confront
the experimental voltage trend with a model (semiempirical or theoretic) able to
taking into account different components of the voltage. Several models have
been developed and can be found for example in Ref.37,38,72,63,17,66. Some of
these relations are derived by a fitting procedure of experimental data, while other
semi-empirical models from the recognition of different mechanisms responsible
for the over voltage fall. The approach used here is based on the voltage model
reported in66. The latter one, which is directly derived from the Tikhonov voltage
model, describes the overall voltage as the sum of different components, namely:
Utot = Uemf + Uheat + Ui + (φw + φa) + Ua (B.1)
where φw = 3.03eV and φa = 4.65eV are respectively the cathode and anode work
functions related to cathode and anode materials used in the SX3 (respectively
WT20 and Cu), while other components are described in detail in the following
set:
Uemf =
T 2
2m˙I
=
1
2
m˙u2e
I
(B.2a)
Uheat =
m˙kB(Te + Ti)
miI
(B.2b)
Ui =
m˙
mi I
i (B.2c)
Ua = kB
Te
e
I
Aa
+ART
2
Ae
−eφa
kBTA
1
4ene(
8kbTe
pime
)
(B.2d)
(B.2e)
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The first term Uemf (Eq. B.2a) represents the component of the voltage useful
for the acceleration of the plasma, where as usually denoted, T is the thrust, m˙
the mass flow rate, and ue the exhaust velocity.
With Uheat is indicated the voltage fraction lost due to the plasma heating,
being mi the atomic mass of the Ar propellant, I the current and Te and Ti
respectively the electron and ion temperature.
The voltage component Ui, described in Eq. B.2c, takes into account the
voltage fraction used for the ionization of the propellant, where i is the ionization
energy for Argon.
The anode sheath voltage fall Ua, represents one of the most important source
of losses for AF-MPDTs and has been extensively analyzed by several authors, for
example in Ref.72,38,39,63,66. According to the formulation described in Eq. B.2d,
the anode sheath voltage fall is a function of the current I, the temperature of
the anode surface Ta, the anode work function φa and the Richardson-Dushman
coefficient AR, equals to 1.2× 106A/m2K2. However, such a formulation for the
anode voltage fall seems to be inappropriate for the SX3, and in general for AF-
MPDTs with a water cooled anode. Moreover no measurements on the dependency
of the temperature with respect the applied magnetic field or the discharge current
are available. According to previous investigations with AF-MPDTs at the IRS the
temperature of the anode surface at applied magnetic field higher than 0.1 T can
be found to range in the range of 2300 deg C13. Then, according to the expression
B.2d providing a constant current I and a constant temperature Ta the voltage
fall would remain constant. A better model that can be used for the anode fall
voltage in the present case is that one presented in the work of Boxberger et al.63.
According to this model, derived from a simplified dimension analysis leading to
the definition of dimensionless products, the anode voltage can be expressed as
follows:
UA =
IB2appl
2
s
m˙as
a1
Ra −Rc
Rc
+ a2
I
lsσ˜
2piRaLa
l2s
(B.3)
where the term m˙as =
R2a−(Ra−ls)2
R2a
m˙ represents the anode mass flow rate in
the near anode region, La the anode length, σ˜ the plasma conductivity, and ls is
the characteristic length of the anode sheath, namely:
ls ≈ λ =
(
0kTe
ne e2
) 1
2
(B.4)
Terms a1 and a2, which in the original work of63 are different fitting constant,
can be here considered to be equal, so that a1 = a2 and in the order of magnitude
of the square of the anode sheath length ls, namely a1 ≈ l2s ≈ [7× 10−6]2 ≈ 7×
10−12. In this first analysis, as in the aforementioned work and according to other
sources,13,63 the value of the conductivity σ has been considered related to the
magnitude order of particle number densities expected in this kind of AF-MPDTs,
(namely ne ≈ 5× 1019). As a consequence, the value of the average conductivity
here is assumed constant and equal to 105 A/Vm. However, different formulations
exist for σ, and could be included in the model once that measurements of electron
temperature or particle number density for the SX3 will become available. Since,
as already mentioned in Chapter 2, the formation of azimuthal currents is crucial
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in the thrust production for AF-MPDTs, the Hall parameter is a characteristic
variable for AF-MPDTs. It is described by mean of the well known Eq. B.5:
Ωe = ωeτe =
σ|B|
ene
(B.5)
Then the conductivity perpendicular to the applied magnetic field can be de-
fined as:
σ⊥ =
σ‖
1 + Ω2e
(B.6)
where σ‖ is the scalar conductivity (parallel to the axial magnetic flux lines)
defined by mean of the same expression of σ in Eq. 2.10.
In Eq. B.4 ne represents the electron number density, Te the electron tem-
perature, 0 the free permittivity, k the Boltzmann constant. However, in MPDTs
and AF-MPDTs another formulation for the conductivity, that can be found for
instance in Ref.19,20,21, has been used, since it takes also into account the effect
of the anomalous diffusion in the plasma as an attempt to explain the discrepancy
between real behaviors of the plasma conductivity with respect values predicted by
the classic conductivity. This formulation has been derived from the attempt to
obtain a simplified form for σ able to be used in MPDT codes, in which compu-
tational cost plays a major role. An effective electrical conductivity is given then
by:
σeff =
3
4
e2ne
me(νei + νAN,e)
(B.7)
. The ion electron collisional frequency νei is defined as:
νei = niQei
(
8kTe
pime
) 1
2
(B.8)
where the term Qei is the Gvosdover collision cross section of electron and
ions that can be found for example in41. The term νAN,e in Eq. B.7 takes into
account the correction due to the anomalous diffusion and in this form is described
as polynomial function of the Hall parameter as follows:
νAN,e =νei(0.192 + 3.3310
−2Ω2e + 0.212Ω
2
e + 8.2710
−8Ω3e+
+
Th
Te
(1.2310−3 − 1.5810−2Ωe − 7.8910−3Ω2e))
(B.9)
where Th represents the temperature of the heavy particles, often assumed
to be equal to the ion temperature. With an estimation of the Hall parameter,
and assuming the value of the Gvosdover cross section from the literature this
simplified form for the conductivity could be included in a more detailed voltage
model. With these clarifications in mind one can further proceed. The useful
fraction of the voltage is described by the electromagnetic component in Eq B.2a.
As can be seen this term is proportional to the thrust square.
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Thrust trend from experimental data
The thrust dependency on operational parameters has been derived from the data
fitting of measurements performed in the frame of the experimental campaign in
2012, taking into account also a cold thrust component computed with the gas
dynamic term of Eq. 2.44 which is indicated in Fig. B.1. The trend of the thrust
is described by mean of the following function:
T expSX3 = a I
b + c (B.10)
where the function constants are a = 1×10−3, b = 1.458, c = 9×10−2. The thrust
trend has been extended up to current values of 450 A, corresponding to operational
conditions related to the last experimental campaign in 2013. As a consequence,
once that new thrust measurements will become available in the 500 A current
range, will be possible to match the thrust and the voltage model with experimental
data. In Fig. B.1 trends of different voltage components as well as the trend of the
voltage recovered from experimental data (denoted as Uexp, and already described
in Eq. 5.2) are indicated. According to this model, for a constant mass flow
rate and applied magnetic field the anode fall voltage (Eq. B.3) shows a linear
dependency on the discharge current, reproducing then a trend already spotted
for example in experimental campaigns of72,38. As can be seen, neglecting the
behavior at very low current levels (since minimum operated voltage and currents
were measured to be respectively ≈ 100V and ≈ 140A), the computed overall
voltage seems to quantitatively replicate the experimental voltage trend. The
maximum difference between the experimental and the computed voltage in the
current range 50 < I < 450 is about 12 V, that represents slightly more than the
15 % of the correspondent value of the experimental voltage. Further investigation
could include a verification of the dependency of the thrust voltage on the applied
magnetic field strength, in both thrust and voltage models, and the assessment of
correspondent values of fall voltage at the onset. A list of constants used within
the model is showed in Tab. B.1.
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Figure B.1: Experimental thrust measurements (2012) and thrust power law
fitting trend for the currently operated version of the SX3 - (Da = 86 mm, Dc =
12 mm)
Figure B.2: Overall voltage model Utot and experimental voltage trend Uexp as
function of the discharge current I for the current SX3 configuration - Bapp=0.1T
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Constant Value Descritpion Equation
m˙ 20 mg/s mass flow rate B.2aB.2bB.2cB.3
ne 5× 1019m−3 electron number density B.4
Te 2 eV electron temperature B.2bB.3B.4
Ti 1 eV ion temperature B.2b
φw 3.03 eV cathode work function B.1
φa 4.65 eV anode work function B.1
a1 = a2 7× 10−12 fall voltage constants B.3
σ˜ 105 A/Vm conductivity B.3
a 10−3 fitting constant B.2aB.10
b 1.458 fitting constant B.2aB.10
c 9× 10−2 fitting constant B.2aB.10
Bapp 0.1 T applied magnetic field B.3
ls 10
−6m anode sheath length B.3B.4
La 30 mm anode length B.3
Table B.1: Summary of constants used in the SX3 voltage model - (Da = 86
mm, Dc = 12 mm)
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